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Preface

The evaluation of electromagnetic field coupling to transmission lines is an important
problem in electromagnetic compatibility. Customarily, use is made of the transmission
line (TL) approximation which applies to uniform transmission lines with electrically-
small cross-sectional dimensions, where the dominant mode of propagation is
transverse electromagnetic (TEM). Antenna-mode currents and higher-order modes
appearing at higher frequencies are neglected in the classical TL theory.

Since the development of the TL theory and the derivation of the so-called
telegrapher’s equations by Oliver Heaviside in the late 19™ century, significant
progress has been achieved in the understanding of wave propagation along
transmission lines. In 1965, Taylor, Satterwhite and Harrison extended the classical
TL equations to include the presence of an external electromagnetic field. Their
field-to-transmission coupling equations — as well as their equivalent formulations
derived later — have been successfully applied to solve a large range of problems
dealing with EMP and lightning interaction with power and telecommunication lines.

The unabated increase in the operating frequency of electronic products and
the emergence of sources of disturbances with higher frequency content (such as
High Power Microwave and Ultra-Wide Band systems) have led to a breakdown of
the TL approximation’s basic assumptions for a number of applications. In the last
decade or so, the generalization of the TL theory to take into account high frequency
effects has emerged as an important topic of study in electromagnetic compatibility.
This effort resulted in the elaboration of the so-called ‘generalized’ or ‘full-wave’ TL
theory, which incorporates high frequency radiation effects, while keeping the relative
simplicity of TL equations.

This book covers both the classical transmission line theory as well as its recent
enhancements. It is intended for graduate students, researchers and engineers
interested in the transmission line theory and electromagnetic field interaction with
transmission lines, with special emphasis on high frequency effects. The text is
organized in two main parts containing a total of seven chapters.

Part I presents the consolidated knowledge of classical transmission line theory
and different field-to-transmission line coupling models.

Chapter 1 discusses the assumptions of the TL theory and presents the
derivation of the field-to-transmission line coupling equations. Three different but



completely equivalent approaches that have been proposed to describe the coupling
of electromagnetic field coupling to transmission lines are also presented and
discussed. Chapters 2 and 3, deal, respectively, with the specific cases of overhead
multiconductor lines and buried cables. Various factors influencing the pulse
propagation and crosstalk along multiconductor systems are discussed, and methods
for the calculation of the line longitudinal and transverse line parameters are
presented.

Part II presents different approaches developed to generalize the TL theory in
order to include high frequency effects.

In Chapter 4, a TL-like pair of equations is derived under the thin-wire
approximation for evaluating currents and potentials induced by external
electromagnetic fields on a wire of a given geometric form above a perfect conducting
ground. Based on perturbation theory, an iterative procedure is proposed to solve
the derived coupling equations, where the zero-iteration term is determined by using
the classical TL approximation. Chapter 5 presents an efficient hybrid method to
compute high frequency electromagnetic field coupling to long, loaded lines
including lumped discontinuities. Chapter 6 shows that the classical TL theory may
be included in a more general model based on an integral formulation of the general
full-wave problem. The derived general model is applied to conventional high-speed
microelectronics, as well as to nanoelectronics applications. Chapter 7 deals
specifically with high frequency electromagnetic field coupling to buried wires. Two
approaches, one in the frequency domain based on the Pocklington’s integral
equation, and the other in the time domain using the Hallen integral equation, are
proposed and discussed.

Although the chapters follow a logical order and a novice reader is advised to
read the book sequentially, an effort has been made to make each chapter as
independent of the others as possible. Therefore, readers interested in a particular
aspect of the subject dealt with in one chapter do not need to consult other chapters
of the book.

This book is the result of the authors’ activities in the area of electromagnetic
field-to-transmission line interactions. The authors are indebted to many individuals
for their support, advice, and guidance. Special thanks are due to Michel Ianoz,
Juergen Nitsch and Fred M. Tesche, and to all the authors of the chapters for their
precious contributions.

Farhad Rachidi and Sergei Tkachenko
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CHAPTER 1

Derivation of telegrapher’s equations and
field-to-transmission line interaction

C.A. Nucci!, F. Rachidi? & M. Rubinstein?

!University of Bologna, Bologna, Italy.

2Swiss Federal Institute of Technology, Lausanne, Switzerland.
3Western University of Applied Sciences, Yverdon, Switzerland.

Abstract

In this chapter, we discuss the transmission line theory and its application to the
problem of external electromagnetic field coupling to transmission lines. After a
short discussion on the underlying assumptions of the transmission line theory, we
start with the derivation of field-to-transmission line coupling equations for the
case of a single wire line above a perfectly conducting ground. We also describe
three seemingly different but completely equivalent approaches that have been
proposed to describe the coupling of electromagnetic fields to transmission lines.
The derived equations are extended to deal with the presence of losses and multiple
conductors. The time-domain representation of field-to-transmission line coupling
equations, which allows a straightforward treatment of non-linear phenomena as
well as the variation in the line topology, is also described. Finally, solution meth-
ods in frequency domain and time domain are presented.

1 Transmission line approximation

The problem of an external electromagnetic field coupling to an overhead line
can be solved using a number of approaches. One such approach makes use of
antenna theory, a general methodology based on Maxwell’s equations [1]. Differ-
ent methods based on this approach generally use the thin-wire approximation, in
which the wire’s cross section is assumed to be much smaller than the minimum
significant wavelength.

When electrically long lines are involved, however, the antenna theory approach
requires prohibitively long computational times and high computer resources. On the
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other hand, the less resource hungry quasi-static approximation [1], in which propa-
gation is neglected and coupling is described by means of lumped elements, can be
adopted only when the overall dimensions of the circuit are smaller than the mini-
mum significant wavelength of the electromagnetic field. For many practical cases,
however, this condition is not satisfied. As an example, let us consider the case of
power lines illuminated by a lightning electromagnetic pulse (LEMP). Power net-
works extend, in general, over distances of several kilometers, much larger than the
minimum wavelengths associated with LEMP. Indeed, significant portions of the fre-
quency spectrum of LEMP extend to frequencies up to a few MHz and beyond, which
corresponds to minimum wavelengths of about 100 m or less [2].

A third approach is known as transmission line theory. The main assumptions
for this approach are as follows:

1. Propagation occurs along the line axis.

2. The sum of the line currents at any cross section of the line is zero. In other
words, the ground — the reference conductor — is the return path for the currents
in the n overhead conductors.

3. The response of the line to the coupled electromagnetic fields is quasi-transverse
electromagnetic (quasi-TEM) or, in other words, the electromagnetic field pro-
duced by the electric charges and currents along the line is confined in the
transverse plane and perpendicular to the line axis.

If the cross-sectional dimensions of the line are electrically small, propagation
can indeed be assumed to occur essentially along the line axis only and the first
assumption can be considered to be a good approximation.

The second condition is satisfied if the ground plane exhibits infinite conductiv-
ity since, in that case, the currents and voltages can be obtained making use of the
method of images, which guarantees currents of equal amplitude and opposite
direction in the ground.

The condition that the response of the line is quasi-TEM is satisfied only up to
a threshold frequency above which higher-order modes begin to appear [1]. For
some cases, such as infinite parallel plates or coaxial lines, it is possible to derive
an exact expression for the cutoff frequency below which only the TEM mode
exists [3]. For other line structures (i.e. multiple conductors above a ground plane),
the TEM mode response is generally satisfied as long as the line cross section is
electrically small [3].

Under these conditions, the line can be represented by a distributed-parameter
structure along its axis.

For uniform transmission lines with electrically small cross-sectional dimen-
sions (not exceeding about one-tenth of the minimum significant wavelength of the
exciting electromagnetic field), a number of theoretical and experimental studies
have shown a fairly good agreement between results obtained using the transmis-
sion line approximation and results obtained either by means of antenna theory or
experiments [4]. A detailed discussion of the validity of the basic assumptions of
the transmission line theory is beyond the scope of this chapter. However, it is worth
noting that, by assuming that the sum of all the currents is equal to zero, we are
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considering only ‘transmission line mode’ currents and neglecting the so-called
‘antenna-mode’ currents [1]. If we wish to compute the load responses of the line,
this assumption is adequate, because the antenna mode current response is small
near the ends of the line. Along the line, however, and even for electrically small
line cross sections, the presence of antenna-mode currents implies that the sum of
the currents at a cross section is not necessarily equal to zero [1, 3]. However, the
quasi-symmetry due to the presence of the ground plane results in a very small
contribution of antenna mode currents and, consequently, the predominant mode on
the line will be transmission line [1].

2 Single-wire line above a perfectly conducting ground

We will consider first the case of a lossless single-wire line above a perfectly
conducting ground. This simple case will allow us to introduce various coupling
models and to discuss a number of concepts essential to the understanding of the
electromagnetic field coupling phenomenon. Later in this chapter (Sections 4 and
5), we will cover the cases of lossy and multiconductor lines. The transmission line
is defined by its geometrical parameters (wire radius a and height above ground %)
and its terminations Z, and Zj, as illustrated in Fig. 1, where the line is illuminated
by an external electromagnetic field. The problem of interest is the calculation of
the induced voltages and currents along the line and at the terminations.

The external exciting electric and magnetic fields E®and B® are defined as the
sum of the incident fields, E'and B', and the ground-reflected fields, E" and B",
determined in absence of the line conductor. The total fields E and Bat a given
point in space are given by the sum of the excitation fields and the scattered fields
from the line, the latter being denoted as E*and B®. The scattered fields are created
by the currents and charges flowing in the line conductor and by the corresponding
currents and charges induced in the ground.

Three seemingly different but completely equivalent approaches have been pro-
posed to describe the coupling of electromagnetic fields to transmission lines. In what

Be 2a

" / ’ ° h %
4— v ,

0 X X + dx L

Figure 1: Geometry of the problem.
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follows, we will present each one of them in turn. We will first derive the field-to-
transmission line coupling equations (which are sometimes referred to as generalized
telegrapher’s equations) following the development of Taylor et al. [5].

2.1 Taylor, Satterwhite and Harrison model

2.1.1 Derivation of the first field-to-transmission line coupling

(generalized telegrapher’s) equation
Consider the single conductor transmission line of height / in Fig. 1. Applying
Stokes’ theorem to Maxwell’s equation VE = —jwB for the area enclosed by the
closed contour C yields

<J.>E~dl=—jw”§-éyds (1)
C N

Since the contour has a differential width Ax, eqn (1) can be written as

h x+Ax
JIE.(x+Ax.2)—E.(x.0ldz+ [ [E,(x.h)—E,(x,0)]dx
0 X
h x+Ax
= —jw.[ j B, (x,z)dxdz (2)
0 x

(The coordinate y will be implicitly assumed to be 0 and, for the sake of clar-
ity, we will omit the y-dependence unless the explicit inclusion is important
for the discussion.) Dividing by Ax and taking the limit as Ax approaches zero
yields

h h
%jEz(x,z)dz+Ex(x,h)—Ex(x,O) =—joo B, (x.2)dz 3)
0 0

Since the wire and the ground are assumed to be perfect conductors, the total
tangential electric fields at their respective surfaces, E (x,h) and E (x,0), are zero.
Defining also the total transverse voltage V(x) in the quasi-static sense (since
h << M) as

h
V(x)=-[E.(x.2)dz ()
0
Equation (3) becomes
dv h h h
WD o] B, (x.2)de =~ jo| B (x. e o By(ede (5)
dx 0o 0 0

where we have decomposed the B-field into the excitation and scattered components.
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The last integral in eqn (5) represents the magnetic flux between the conductor
and the ground produced by the current /(x) flowing in the conductor.
Now, Ampere—Maxwell’s equation in integral form is given by

9SBS-di=1+jwjj[)-d§ (©6)
2

If we define a path C'in the transverse plane defined by a constant x in such a man-
ner that the conductor goes through it, eqn (6) can be rewritten as

gﬁl?%(x,y,z)~df = 1(x)+jw”5x(x,y,z)'ﬁx ds (7
o

where the subscript T is used to indicate that the field is in the transverse direction,
d, is the unit vector in the x direction, and where we have explicitly included the
dependence of the fields on the three Cartesian coordinates.

If the response of the wire is TEM, the electric flux density D in the x direction
is zero and eqn (7) can be written as

gﬁé; (x,y,2)-dl = I(x) ®)
z

Cleaily, I(x) is the only source of B‘T“(x,y,z). Further, it is apparent from eqn (8)
that B(x,y,z) is directly proportional to /(x). Indeed, if /(x) is multiplied by a con-
stant multiplicative factor which, in general, can be complex, B;(x) too will be
multiplied by that factor. Further, the proportionality factor for a uniform cross-
section line must be independent of x.

Let us now concentrate on the y component of B‘T“ (x,y,2) for points in the plane
y = 0. Using the facts we just established that I(x) and B, (x) are proportional and
that the proportionality factor is independent of x, we can now write

B (x,y=0,2)=k(y=0,2)I(x) ©))

where k(y, z) is the proportionality constant.
With this result, we now go back to the last integral in eqn (5),

h
[By(x.2)dz
0

Note that, although the value of y is not explicitly given, y = 0. The integral rep-
resents the per-unit-length magnetic flux under the line. Substituting eqn (9) into
it, we obtain

h h
[By(x2)dz= [k(y=0.2)1(x)dz (10)
0 0
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We can rewrite eqn (10) as follows

h h
'[B;(x,z)dz=I(x).[k(y=0,z)dz (11)
0 0

Equation (11) implies that the per-unit-length scattered magnetic flux under the line
at any point along it is proportional to the current at that point. The proportionality
constant, given by f k(y = 0,z)dz, is the per-unit-length inductance of the line L".

This results in the well-known linear relationship between the magnetic flux and
the line current:

h
[ B}(x.2)de = L' 1(x) (12)
0

Assuming that the radius of the wire is much smaller than the height of the line
(a << h), the magnetic flux density can be calculated using Ampere’s law and the
integral can be evaluated analytically, yielding L' = (1,/20)In(2h/a) [1].

Inserting eqn (12) into eqn (5), we obtain the first generalized telegrapher’s
equation

dv(x)

h
+joLl(x) = ~jo | B (x.2)dz (13)
0

Note that, unlike the classical telegrapher’s equations in which no external excita-
tion is considered, the presence of an external field results in a forcing function
expressed in terms of the exciting magnetic flux. This forcing function can be
viewed as a distributed voltage source along the line.

Attention must be paid to the fact that the voltage V(x) in eqn (13) depends on
the integration path since it is obtained by integration of an electric field whose
curl is not necessarily zero (eqn (4)).

2.1.2 Derivation of the second field-to-transmission line coupling equation
To derive the second telegrapher’s equation, we will assume that the medium sur-
rounding the line is air (¢ = )) and we will start from the second Maxwell’s equation,
VxH=J+ ]wsOE also called Ampere—-Maxwell’s equation. Rearranging the terms
and writing it in Cartesian coordinates for the z-component:

JOE (x,2) =

| |:BB},(x,z) an(x,z)} J,
_ - (14)

&y 1o ox oy &

The current density can be related to the E-field using Ohm’s law, J= o, rE,
where G, is the air conductivity. Since the air conductivity is generally low, we
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will assume here that 6, = 0 and will therefore neglect this term (which will
eventually result in an equivalent parallel conductance in the coupling equation
(see Section 5)).

Integrating eqn (14) along the z axis from O to 4, and making use of eqn (4), we
obtain

h1 OBS (x, e
—jwV(x)= ! J & Z)—an(x’Z) dz
80:“0 0 a'x ay
i1 0B} (x, ;
Lt y(62) 9B (x,2) i (15)
801“0 0 ax ay

in which we have decomposed the magnetic flux density field into the excitation
and scattered components.

Since the excitation fields are the fields that would exist if the line were not pre-
sent, they must satisfy Maxwell’s equations. Applying Maxwell’s equation (14) to
the components of the excitation electromagnetic field and integrating along z
from O to & directly under the line yields

h aBe, aBe h

! j y T dz=jcojE§ dz (16)
by | ox  dy 0

Using eqns (12) and (16) and given that the line response is assumed to be TEM,
B’ =0, eqn (15) becomes

h
dfi(xX)‘+ JoC’'V(x) = —ja)C'J E;(x,2)dz an

0

where C' is the per-unit-length line capacitance related to the per-unit-length
inductance through ¢, = L'C". Equation (17) is the second field-to-transmission
line coupling equation.

For a line of finite length, such as the one represented in Fig. 1, the boundary
conditions for the load currents and voltages must be enforced. They are simply
given by

V(0)=-Z,1(0) (18)
V(L)=ZgI(L) (19)

2.1.3 Equivalent circuit
Equations (13) and (17) are referred to as the Taylor model. They can be repre-
sented using an equivalent circuit, as shown in Fig. 2. The forcing functions (source
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h
T jcofB;(x,z)dz
%) /Y'j'%%\:b . I(x+dlx)
® > > -——
h I
Zy |:| V(0) V(x) —jm(f)E:(x,z)dz Clax ____ [V(x+dx) V(L) Zy
0 X X+dx L

Figure 2: Equivalent circuit of a lossless single-wire overhead line excited by an
electromagnetic field (Taylor et al. model).

terms) in eqns (13) and (17) are included as a set of distributed series voltage and
parallel current sources along the line.

2.2 Agrawal, Price and Gurbaxani model

An equivalent formulation of the field-to-transmission line coupling equations was
proposed in 1980 by Agrawal et al. [6]. This model is commonly referred to as the
Agrawal model. We will call it the model of Agrawal et al. hereafter.

The basis for the derivation of the Agrawal ef al. model can be described as fol-
lows: The excitation fields produce a line response that is TEM. This response is
expressed in terms of a scattered voltage V*(x), which is defined in terms of the
line integral of the scattered electric field from the ground to the line, and the total
current I(x).

The total voltage can be obtained from the scattered voltage through

h
V(x)=Vi(x)+V(x)= Vs(x)—-[E;’ (x,2)dz (20)
0

The field-to-transmission line coupling equations as derived by Agrawal et al. [6]
are given by

dv;fx) + joL’I(x)= ES(x,h) 1)

dI(x)

+ joC'Vi(x)=0 (22)

Note that, in this model, only one source term is present (in the first equation) and
it is simply expressed in terms of the exciting electric field tangential to the line
conductor E7(x,h).
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I LAX E_X(X’h)ix I(x+dx)
h f A +
éEi(o,z)dz
- VS(0) [VE(x) C'dx VS(x+dx) V(L) :
zA T ™" b

0 X x+dx L

h
JES(L,z)dz

Figure 3: Equivalent circuit of a lossless single-wire overhead line excited by an
electromagnetic field (Agrawal et al. model).

The boundary conditions in terms of the scattered voltage and the total current
as used in eqns (21) and (22), are given by

h

VH(0)==Z,1(0)+ [ ES(0,2)dz (23)
0
h

VS(L) = ZzI(L)+ j ES(L,2)dz (24)
0

The equivalent circuit representation of this model (eqns (21)—(24)) is shown in
Fig. 3. For this model, the forcing function (the exciting electric field tangential to
the line conductor) is represented by distributed voltage sources along the line. In
accordance with boundary conditions (23) and (24), two lumped voltage sources
(equal to the line integral of the exciting vertical electric field) are inserted at the
line terminations.

It is also interesting to note that this model involves only electric field compo-
nents of the exciting field and the exciting magnetic field does not appear explicitly
as a source term in the coupling equations. As we will see in the next section where
we present the Rachidi model [7], it is also possible to represent the coupling model
in terms of magnetic fields only.

2.3 Rachidi model

Another form of the coupling equations, equivalent to the Agrawal et al. and to
the Taylor et al. models, has been derived by Rachidi [7]. In this model, only the
exciting magnetic field components appear explicitly as forcing functions in the
equations:

AC joL'T*(x)=0 (25)
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dI'(x) OB (x, 24
— 4 joC'V(x)=— | ——= 26
- =7 { > (26)
in which 75(x) is the so-called scattered current related to the total current by
I(x)=L(x)+1°(x) 27)
where the excitation current /¢(x) is defined as
h
e 1 e
1°(x) = ——,_[B\, (x,2) dz (28)
L -
The boundary conditions corresponding to this formulation are
V(0
1) =-2 )+—jBe(0 2)dz (29)
A
V(L
(L) = Z( )y jB (L,z) dz (30)
B

The equivalent circuit corresponding to the above equivalent set of coupling
equations is shown in Fig. 4. Note that the equivalent circuit associated with the
Rachidi model could be seen as the dual circuit — in the sense of electrical net-
work theory — of the one corresponding to the Agrawal et al. model (Fig. 3).

3 Contribution of the different electromagnetic field
components

Nucci and Rachidi [8] have shown, on the basis of a specific numerical example
that, as predicted theoretically, the total induced voltage waveforms obtained using
the three coupling models presented in Sections 2.1-2.3 are identical. However,

i ' 4 h
C B L dx Bx +dx) T g (L,2)dz

\Q aBay’z) ) T Cdx | V(x+dx) ZBGD/

N
N
>
=
x
—_—
l__l_‘
O
®
x
o
N,
[=}
x
o)

Figure 4: Equivalent circuit of a lossless single-wire overhead line excited by an
electromagnetic field (Rachidi model).
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the contribution of a given component of the exciting electromagnetic field to the
total induced voltage and current varies depending on the adopted coupling model.
Indeed, the three coupling models are different but fully equivalent approaches
that predict identical results in terms of total voltages and total currents, in spite of
the fact that they take into account the electromagnetic coupling in different ways.
In other words, the three models are different expressions of the same equations,
cast in terms of different combinations of the various electromagnetic field com-
ponents, which are related through Maxwell’s equations.

4 Inclusion of losses

In the calculation of lightning-induced voltages, losses are, in principle, to be taken
into account both in the wire and in the ground. Losses due to the finite ground
conductivity are the most important ones, and they affect both the electromagnetic
field and the surge propagation along the line [9].

Let us make reference to the same geometry of Fig. 1, and let us now take into
account losses both in the wire and in the ground plane. The wire conductivity and
relative permittivity are o, and ¢_,, respectively, and the ground, assumed to be homo-
geneous, is characterized by its conductivity ¢_ and its relative permittivity £y The
Agrawal et al. coupling equations extended to the present case of a wire above an
imperfectly conducting ground can be written as (for a step by step derivation see [1])

V'@, I(x) = ES(x,h) (31)

YD) L yrys =0 (32)

where Z' and Y’ are the longitudinal and transverse per-unit-length impedance and
admittance respectively, given by [1, 9] (in [1], the per-unit-length transverse con-
ductance has been disregarded)

Z'=jol'+Z,+Z, (33)
(G’ + joCYY,]
e (34)
G+ jolC" +Y,

in which

* L', C'and G’ are the per-unit-length longitudinal inductance, transverse capaci-
tance and transverse conductance, respectively, calculated for a lossless wire
above a perfectly conducting ground:

L =H0 cosh! (h) Ho 4y (Zh) forh>>a (35)
21 a 21 a
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_ 2mey _ 2me,
cosh™ (h/a) In(2h/a)

’

for h>>a (36)

ag..:
Gl — air C/ (37)
o
* Z! is the per-unit-length internal impedance of the wire; assuming a round wire
and an axial symmetry for the current, the following expression can be derived
for the wire internal impedance [10]:

2rac I, (y,a)

where y = \j oo, t jweg,,) is the propagation constant in the wire and /;
and /, are the modified Bessel functions of zero and first order, respectively;
. Z'g is the per-unit-length ground impedance, which is defined as [11, 12]

h
joo | By(x.2)dx

- oL (39)

Z, 7

where B’ is the y-component of the scattered magnetic induction field.

Several expressions for the ground impedance have been proposed in the litera-
ture ([13], see also Chapter 2). Sunde [14] derived a general expression for the
ground impedance which is given by

—2hx

jou, T e
7" = JOHy
n o\/x2+y§+x

: dx (40)

where Ve = \j oo .t jwsoerg) is the propagation constant in the ground.

As noted in [13], Sunde’s expression (40) is directly connected to the general
expressions obtained from scattering theory. Indeed, it is shown in [1] that the
general expression for the ground impedance derived using scattering theory
reduces to the Sunde approximation when considering the transmission line
approximation. Also, the results obtained using eqn (40) are shown to be accurate
within the limits of the transmission line approximation [1].

The general expression (40) is not suitable for a numerical evaluation since it
involves an integral over an infinitely long interval. Several approximations for the
ground impedance of a single-wire line have been proposed in the literature (see
[11] for a survey). One of the simplest and most accurate was proposed by Sunde
himself and is given by the following logarithmic function:

Zésju(’ln—g 1)
2 Veh
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It has been shown [11] that the above logarithmic expression represents an excellent
approximation to the general expression (40) over the frequency range of interest.
Finally, Y :g is the so-called ground admittance, given by [1]

[8)

Y

(=]

n

Yy 42)

N

LSRN

5 Case of multiconductor lines

Making reference to the geometry of Fig. 5, the field-to-transmission line coupling
equations for the case of a multi-wire system along the x-axis above an imperfectly
conducting ground and in the presence of an external electromagnetic excitation
are given by [1, 4, 15]

d
SV @I+ jl LI o1+ 2], | 1= 1ES () “3)

d , ,
a[li(X)] +[GHIV; (0]1+ jolCH11V; (0] =10] (44)

in which

* [Vi(x)]and [I,(x)] are frequency-domain vectors of the scattered voltage and the
current along the line;

: h:
hy: ; E
f! th
s >
H fij H Mk
[ RECECEEECERE o TECIEES >
Ground Plane, Og &g

Figure 5: Cross-sectional geometry of a multiconductor line in the presence of an
external electromagnetic field.
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. [Ef(x,hi)] is the vector of the exciting electric field tangential to the line
conductors;

e [0] is the zero-matrix (all elements are equal to zero);

. [Llfj] is the per-unit-length line inductance matrix. Assuming that the distances
between conductors are much larger than their radii, the general expression for
the mutual inductance between two conductors i and j is given by [1]

2 2

r; +(h +h)

L; :g_oln[%] “43)
T\ +hy—hy)

* The self-inductance for conductor i is given by

2h,

L= oy (_IJ (46)

2n T

* [C]] is the per-unit-length line capacitance matrix. It can be evaluated directly
from the inductance matrix using the following expression [1]

[C}1= gopol LT @7

. [ij] is the per-unit-length transverse conductance matrix. The transverse con-
ductance matrix elements can be evaluated starting either from the capacitance
matrix or the inductance matrix using the following relations:

’ T, ’ 71—
[G}]= _galr [C/1=0tto[ L1 (48)
0

In most practical cases, the transverse conductance matrix elements G are negligible
in comparison with JjoC [3] and can therefore be neglected in the computation.

e Finally, [Z;Z-i/‘] is the ground impedance matrix. The general expression for the
mutual ground impedance between two conductors i and j derived by Sunde is
given by [14]

~(h+h,)x

7 Jouy ¢ €
& T 1/xz+ 24 x
0 yg

In a similar way as for the case of a single-wire line, an accurate logarithmic
approximation is proposed by Rachidi et al. [15] which is given by

hl-+hj : r; 2
. 147, ) + yg?
z; = 1%,

g At hi-l‘hj 2 r,'j 2
o) e

cos(r;x)dx (49)

(50)
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Note that in eqns (43) and (44), the terms corresponding to the wire impedance
and the so-called ground admittance have been neglected. This approximation is
valid for typical overhead power lines [9].

The boundary conditions for the two line terminations are given by

hi
[V(0)]=—[Z,11,(0)]+ [ j EZ (0, Z)dz] (51)
0

hi
[V (D]=[Zg1l1,(L)] + {J E; (L,Z)dz] (52)
0

in which [Z,] and [Z] are the impedance matrices at the two line terminations.

6 Time-domain representation of the coupling equations

A time domain representation of the field-to-transmission line coupling equations
is sometimes preferable because it allows the straightforward treatment of non-
linear phenomena as well as the variation in the line topology [4]. On the other
hand, frequency-dependent parameters, such as the ground impedance, need to be
represented using convolution integrals.

The field-to-transmission line coupling eqns (43) and (44) can be converted into
the time domain to obtain the following expressions:

—[V (x, O] +[L; ]

2
S i1+ & |® i (el =B (enl - (653)

d
. —[i; (e, D1+ [GV; (x, t)]+[C,,]a—[v (x,0)]= (54)

in which ® denotes convolution product and the matrix [fé ] is called the transient
ground resistance matrix; its elements are defined as

& ]=F" @ (55)

jw

The inverse Fourier transforms of the boundary conditions written, for simplicity,
for resistive terminal loads read

h,
[v,(0,0] =~ Ry 1[i,(0,1)] [ JES .z, t)dz] (56)
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h,
v, (L)) = [Rg L (O)]+| [ ES(L.z,1)dz (57)
0

where [R,] and [R] are the matrices of the resistive loads at the two line terminals.

The general expression for the ground impedance matrix terms in the fre-
quency domain (49) does not have an analytical inverse Fourier transform. Thus,
the elements of the transient ground resistance matrix in the time domain are to
be, in general, determined using a numerical inverse Fourier transform algo-
rithm. However, analytical expressions have been derived which have been
shown to be reasonable approximations to the numerical values obtained using
an inverse FFT (see Chapter 2).

7 Frequency-domain solutions

Different approaches can be employed to find solutions to the presented coupling
equations. Sections 7 and 8 present some commonly used solution methods in the
frequency domain and in the time domain, respectively.

To solve the coupling equations in the frequency domain, it is convenient to use
Green’s functions that relate, as a function of frequency, the individual coupling
sources to the scattered or the total voltages and currents at any point along the line.
Green'’s functions solutions require integration over the length of the line, where the
distributed sources are located. This approach is the subject of Section 7.1.

Under special conditions, it is possible to obtain more compact solutions or
even analytical expressions. In particular, if solutions are required at the loads
only, it is possible to write the load voltages and currents in a compact manner,
with the complexity essentially hidden in the source. This formulation, termed the
BLT equations, will be presented in Section 7.2.

7.1 Green’s functions

The field-to-transmission line coupling equations, together with the boundary con-
ditions, can be solved using Green’s functions, which represent the solutions for
line current and voltage due to a point voltage and/or current source [1]. In this
section, we will present the solutions, using the Agrawal et al. model (Section 2.2)
for the case of a single-conductor line. Similar solutions can be found for the case
of a multiconductor line (see e.g. [1, 3]).

Considering a voltage source of unit amplitude at a location x along the line
(since only distributed series voltage sources are present in the model of Agrawal
et al., it is not necessary to consider a parallel unitary current source), the Green’s
functions for the current and the voltage along the line read, respectively [1],

—yL
eV

27, (1= ppye™™)

G (xx)= (7= py? T — peT)  (s8)
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de 't

—2yL )

Gy (x5 x) = ———75
) 2(1=pyp,e

(€4 pye” ) e —ape™)  (59)

where

¢ x_represents the smaller of x or x, and x_ represents the larger of x or x,.

e J=1forx>x ando=-1forx <x,.

e y=~Z'Y"is the complex propagation constant along the transmission line,

s Z. = \Z'/Y' is the line’s characteristic impedance.

* r, and r, are the voltage reflection coefficients at the loads of the transmission
line given by

Zy -7 Zy -7,

C —
P Zy +Z,

pl_zA+ZC’

(60)

Z, and Zj are the termination impedances as illustrated in Fig. 1. The solutions in
terms of the total line current and scattered voltage can be written as the following
integrals of the Green’s functions [1]

L h h
1) = [ G, (e x )V, dx, + G, (6:0)[ ES(0,2)dz =G, (L) ES (L, 2)dz - (61)
0 0 0

L h h
Vi) =[Gy (x) V dx+ Gy (1:0) EX(0.2)dz — Gy (x: L) [ E£0.2)dz (62)
0 0 0

Note that the second and the third terms on the right-hand side of eqns (61) and (62) are
due to the contribution of equivalent lumped sources at the line ends (see Fig. 3).

The total voltage can be determined from the scattered voltage by adding the
contribution from the exciting field as

h
V(x) = V() - [ ES (x,2)dz (63)
0

7.2 BLT equations
If we are interested in the transmission line response at its terminal loads, the solu-

tions can be expressed in a compact way by using the so-called BLT (Baum, Liu,
Tesche) equations [1]

_ _ yL !
[1(0)]=1/ZC[I 0 } poe [51] )
I(L) 0 1-p et —p | LS,
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! -1
{V(O)} [t 0 = TS ©5)
V(L) 0 I+p|le —p,| [

where the source vector is given by

L 1 h eyL h
T ELh) gt [E20.0) de= - [ ES(L.2) dz
0 0 0

Si)2 66
Sz_ (66)

L yL h h

_ (L—x e 1

leem »E;(xs,h)dxs—TJEg(o,z)dz+5jE§(L,z)dz
0 0 0

Note that in the BLT equations, the solutions are directly given for the total voltage
and not for the scattered voltage.

For an arbitrary excitation field, the integrals in eqn (66) cannot be carried out
analytically. However, for the special case of a plane wave excitation field, the
integrations can be performed analytically and closed-form expressions can be
obtained for the load responses. General solutions for vertical and horizontal field
polarizations are given in [1].

8 Time-domain solutions

Several approaches can be used to solve the coupling equations in the time domain
[1, 3]. We will present here simple analytical expressions that can be obtained for
the case of a lossless line involving infinite summations. In Chapter 2, the Finite
Difference Time Domain (FDTD) technique is applied to obtain general solutions
of field-to-transmission line coupling equations including frequency-dependent
losses.

Under the assumption of a lossless line, it is possible to obtain analytical solu-
tions for the transient response of a transmission line to an external field excitation
[1]. In this case, the propagation constant becomes purely imaginary y = jo/c and
the characteristic impedance is purely real Z_ = VL'/C'. If we assume further that
the termination impedances are purely resistive, the reflection coefficients p, and
5, too, become real. For |p, pze*ZVL| < 1, the denominator in Green’s functions (58)
and (59) can be expanded to

1 c —jo c\n
™) Zompze JoRLle) (67)
172 n=

This equation is not valid for the case of a lossless line with reflection coefficients
of magnitude 1, in which the condition |p p,e™*%| = 1 will be met at a number of
resonance frequencies causing the solutions to be unbounded.
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With the above transformation, it is easy to show that all the frequency depen-
dences in eqns (64) and (65) will be in the form 77, 7 being a constant.
Therefore, it is possible to convert the frequency domain solutions to the time
domain analytically to obtain the following transient responses for the load
voltages (for details, see [1])

N 1 2n+1)L - ol
v0.0= (1+/’1)Z(P1ﬂ2 )" E(Pz"s (l —m)—vs (t_m))

n=0 C c
(68)
WL =(1+ p2>i<plp2>nl(vs (,_MJ_ - (t_ AL+ +x, D
n=0 2 C c
(69)
where
L h 0
Vs(t) = J‘Ei (xs,]’l,t) d‘xs +J‘E§ (O,Z,t) dZ _J‘EE(L,Z,Z‘) dZ (70)
0 0 0

Note that E.f(xs,h, 1), E:(O,z, t) and E:(L,z, t) are the time-domain components of the
exciting field.

9 Conclusions

We discussed the transmission line theory and its application to the problem of
external electromagnetic field coupling to transmission lines. After a short discus-
sion on the underlying assumptions of the transmission line theory, the field-to-
transmission line coupling equations were derived for the case of a single wire line
above a perfectly conducting ground. Three different but completely equivalent
approaches that have been proposed to describe the electromagnetic field cou-
pling to transmission lines were also presented and discussed. The derived equa-
tions were extended to deal with the presence of losses and multiple conductors.
The time-domain representation of field-to-transmission line coupling equations
which allows a straightforward treatment of non-linear phenomena as well as the
variation in the line topology was also described. Finally, solution methods in the
frequency domain and the time domain were presented.
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CHAPTER 2

Surge propagation and crosstalk in
multiconductor transmission lines
above ground

Nelson Theethayi & Rajeev Thottappillil
Division for Electricity, Uppsala University, Uppsala, Sweden.

Abstract

Surges/transients due to direct or indirect lightning strikes or switching faults are
common phenomena in multiconductor transmission line (MTL) systems above
ground, whether it is power systems, railway systems, communication systems or
electronic systems with printed circuit board lands. In a given MTL system, tran-
sient surge in any one of the conductors (emitter) causes crosstalk in other adjacent
conductors (receptors). It’s a common electromagnetic interference (EMI) phe-
nomenon due to electromagnetic coupling between the conductors. In this chapter,
we discuss the methods to study the crosstalk mechanisms in above ground MTL
systems and also by examples show various parameters that could influence the
crosstalk mechanisms. Analysis in time and frequency domain will be also made
wherever necessary.

1 Introduction

In the two-conductor transmission line theory [1-3], as discussed in the earlier
chapter, one of the wires carries the currents in the opposite direction with respect
to the other, because of which a sign convention is adopted for the voltages of the
conductor, i.e. the conductor carrying current in the positive direction of the wire
has a positive voltage with respect to a remote reference and the conductor car-
rying the current in the negative (opposite) direction has a negative voltage with
respect to a remote reference. The wire that was carrying current in the negative
direction is referred to as return conductor. In case of multiconductor transmis-
sion line (MTL) systems to be discussed here, for the above ground conduc-
tors the reference conductor is the ground that carries or returns currents in the
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negative direction. Thus the theories discussed in the previous chapter apply here
as well. One of the difficulties with MTL systems with ground return could be
the effects of imperfect ground (i.e. real conducting earth having some dielectric
constant) on the voltages and currents propagating in the wires. It is also referred
to as frequency dependant loss in the MTL system due to electromagnetic field
penetration in the ground [3-16]. More emphasis is given for direct numerical
time domain solutions of the telegrapher’s or transmission line equations. Time
domain solutions are preferred because in practical systems, like power, railway,
etc., whenever transients propagate there are protection equipment connected to
the system to divert the transients for providing safety to important equipments
and personnel [17, 18]. All the protection systems contain devices like insulators,
surge protective devices, grounding systems undergoing soil ionization, circuit
breakers and fuses, etc. [19-21]. These being non-linear devices, hence continu-
ous monitoring of the voltages and currents on the MTL systems is needed, for
modelling the non-linear phenomena like flashover, arcing, soil ionization, etc.

2 Telegrapher’s or transmission line equations for
MTL systems

Voltage and current wave propagation in MTL systems is represented by the two
sets of equations given by eqn (1) in frequency domain, for perfectly conducting
ground and non-dissipative line (lossless/ideal).

—dV(;c),Cjw) + L, jol(x,jo)=0 (1a)

A JD) | 0 ieovix, jo) =0 (1b)

Similarly, for a perfectly conducting ground with constant or frequency-independent
internal losses the transmission line equations are given by eqn (2) in frequency
domain.

VEIO) | pr(x, jeo) + (L + L) jool (x, j) = 0 (22)

YE@JO) L G vix, joy+ C,joV(x, jo) =0 (2b)

Note that in conventional form, the Laplace or Fourier domain, the frequency is
represented by S < jo [22]. Equations (1) and (2) are popularly known as teleg-
rapher’s equations. Kelvin (William Thomson) was studying the pulse propagation
in the transatlantic cable (1855), a landline connecting North America and Europe
via Alaska and Siberia. The cable failed, as Kelvin’s theory neglected the magnetic
effects and only the effects due to the capacitance and resistance per unit length
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of the cable were accounted, which when used in the actual telegrapher’s eqns (2)
yields the diffusion equation. In 1857, Kirchoff proposed the long line theory to
include self-induction effects. Heaviside later formulated all the parameters required
for complete transmission line theory [23]. Equations (1a) and (2a) are the voltage
wave equations and eqns (1b) and (2b) are the current wave equations. For a system
of n conductors as shown in Fig. 1 and corresponding to eqns (1) and (2), the terms
V(x, jo) and I(x, jow), are the voltage and current vectors having size n. Further, L,
L,C,R and G, are per unit length series inductance (internal and external), shunt
capacitance, series resistance and shunt conductance matrices of size n, respectively.
Note that for convenience, discussions below are for no external field illuminations,
i.e. there are no illuminating field forcing terms in eqns (1) and (2), but the field to
wire coupling theories discussed in the previous chapter apply here as well.

The R and L, matrices are diagonal due to the constant internal loss of the con-
ductor and have meaning only when the skin effect phenomenon is not prominent,
i.e. under the conditions when the radius of the circular wire satisfies < 20, where
0 is the skin depth [24, 25]. Usually, under low frequency or DC conditions the
current is uniformly distributed over the wire cross-section, but at high frequencies
the current crowds to the surface and distributes itself uniformly in thickness given
by the skin depth applicable for good conductors J, = \/ 2/wuo. At high frequencies
the internal loss has to be represented as internal impedance which will be discussed
later. The elements corresponding to R and L; are given by eqns (3) and (4).

Ry = and Rkj =0 3)
oTry,
I,
QMzgﬁ and Ly =0 4)
k
dn
ogr—1
2 o
o“ O n
© 7'y ‘ez,
O e, 0
1 © hy
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Perfect Ground Plane

Figure 1: System of MTL above a perfectly conducting ground.
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The external transmission line parameters, L, C, and G, corresponding to Fig. 1,
are calculated using the image theory [1-3] and is due to the external magnetic and
electric fields, respectively. The external self-inductance of kth conductor and /th
mutual inductance between wires k and [/ are given by

to o[ 2My
L, =—In| — 5a
ekk o’ ( ) ( )

[ 2. 2
U (b, +h)” +d
T Ny — )" +dy

To get the external capacitance matrix one has to first obtain the potential coeffi-
cient matrix in the same way as the inductance coefficient matrix (5). The potential
coefficient matrix is given by eqn (6) for the self and mutual values.

1 2h,
Py = In (—k] (6a)

T

2 2
1 In Ny +h) +d, (6b)

25y (O~ )+

ekl

Inverting the potential coefficient matrix, we have the capacitance coefficient
matrix (7).

c.=pr" (7

The conductance coefficient matrix can be obtained from capacitance matrix
directly (8). Since the conductivity of air is negligible, this matrix can be neglected
for the above ground wires.

G,=2c, (®)
€

Since the internal losses are not completely represented by just the resistance and
internal inductance of the wire, we now rewrite the transmission line equations in
terms of series impedances (internal impedance Z; and external impedance Z,) and
the external shunt admittance Y, as shown in eqn (9).
dV(x, jow .
%WL (Z.+Z)I(x, jw)=0 (9a)

dxjo) Y.V(x,jw)=0 (9b)
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2.1 Expressions for internal impedance of wires

An expression for the internal impedance of the wire that can properly represent
the frequency dependence is needed. Schelkunoff [24, 25] gave the exact expres-
sion for internal impedance for round wires of radius r, as shown in eqn (10),
which was in terms of modified Bessel’s functions and internal wire propagation
constant y, = \/ jouo.

. o Lo(nry)
Z,(jo) = ——— 0w 10
1) 2nar,, 1,(y;r,) (10)

Wedepohl and Wilcox [26] gave another approximate formula as given by eqn (11)
which is an approximation of eqn (10).

7 0.356
! th(0.777r,,v.)+ 11
2nor coth( mi) 2 (in

w ot

Zi(jo)=

There is another approximation to eqn (10) proposed by Nahman and Holt [27]
and is given by eqn (12).

Z(jw)= 12+ ! \/g\/jTo:A+B«/§ (12)

nor, 2T,

A comparison of all the above expressions for wide frequency range is shown in
Fig. 2 for an aluminium circular wire of radius 5.6 mm. It is seen that the internal
impedance expressions (10) and (11) are identical and also the expression (12) is
in good agreement. Interestingly eqn (12) can be used in the time domain calcula-
tions easily [2, 27], which will be discussed later.

2.2 External impedance and admittance of wires above finitely conducting
ground

An imperfect (lossy) ground has finite value of ground conductivity o and is char-
acterized further by the ground permittivity &, and ground permeability u = . All
these material properties are also referred to as ground return parameters. Ground
conductivity is of infinite value when the ground is assumed to be perfect. When
a current pulse is propagating along an overhead wire the electromagnetic fields
from the wire source impinges the ground surface. If the ground was perfectly
conducting, then those impinging electromagnetic fields get completely reflected
from the ground surface and nothing penetrates into the ground, since the reflec-
tion coefficient for a perfect ground is unity. This allows us to use the well-known
image theory (image of the wires’ is fixed irrespective of the frequency of the
propagating pulse) for perfectly conducting ground and the external impedance
can be obtained using expressions (5). But one has to be careful with the limits of
transmission line approximation (see also Chapter 1). This limiting condition is
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Figure 2: Comparison of internal impedance expressions (10)—(12) for an aluminium
circular wire of radius 5.6 mm.

such that the wavelength )“pmse of the pulse propagating on the wire under perfect
ground conditions should be much larger than the conductor’s height 4, i.e. /Ipulse
>> 2rth [2, 3]. As the pulse frequency increases, the wavelength decreases and
above some critical frequency, the wavelength would become comparable to the
heights of the conductor. Therefore, the discussions in this chapter are valid only
under the limits of transmission line approximations [3]. For transients having
frequencies of the order of a few megahertz, the transmission line approximation is
still valid for typical overhead power lines. We shall discuss the limits of transmis-
sion line approximation for finitely conducting ground conditions later.

For an imperfect ground, the reflection coefficients are complex valued functions
[3, 5] leading to finite frequency-dependant penetration of fields into the ground as
shown in Fig. 3. In the earlier discussion of skin effect phenomena, it was seen that
magnitude of the current flowing in a conductor tend to crowd towards the surface
of the conductor depending upon the frequency or skin depth. A somewhat similar
phenomenon, rather more complex, happens (see penetration depth shown in Fig. 3)
if, instead of a perfectly conducting ground plane, a real soil or ground medium is
present. The complexity is in identifying the proper meaning to the line voltage. In
principle the line voltage is defined as the line integral of electric field from the
reference conductor to the location of the other conductor. Thus, for wires’ above
perfect ground, the voltage is the line integral from the ground surface (referenced
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Figure 3: Single conductor above a dissipative semi-infinite earth (adapted from
[3] and modified).

at zero potential) to the height of the conductor (note the reference wire based on
image theory [3, 6, 13, 14] is located at a distance twice the conductor height). For
real ground or soil, the electric field in the earth is non-zero and the zero/reference
level is only at a certain depth due to fields penetrating the ground. Well, the ques-
tion is at what depth one can find this?

Tesche et al. [3] mention that in order to get the total wire voltage, the line inte-
gral is to be split into two parts. One integral is between the surface of the ground
to the wire location in air and the other integral is from the —ec in the earth to the
surface of the earth. For discussions below, let us drop the incident fields (for brev-
ity) and consider only the wire above the ground and assume that some incident
field caused the induced current in the wire (see details in Chapter 1 on field to
wire coupling). For a transverse electric and magnetic (TEM) field structure and
referring to Fig. 3, taking the integration from —eo (assuming the zero reference
point) to A (conductor height), we have eqns (13)—(15).

The first integral on the left-hand side of eqn (13) is the required voltage at two
points on the line and the second integral corresponds to the internal loss or the
contribution due to internal impedance, as discussed in earlier section, which, for
a perfect conductor is zero.

h X+Ax
JIE.(x+Ax2) —E,(x,0)ldz— [ [E,(x,h) = E,(x,—)]dx

—oo

h x+Ax
:—ja)ﬂOJ‘ J —Hy dxdz (13)

—c0 X
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Under the limits Ax — 0, the left-hand side of eqn (13) gives the derivative of the
voltage drop and also the drop due to skin effect (internal impedance) of the con-
ductor as shown in eqn (14).

h x+Ax

JIE.(e+ Ax2)E, (v, 2)ldz = [ [E,(x,h) = E, (x,—0)ldx

V(x,Jj . )

= VIO | 7 oo (x.joo) (14)

dx

Similarly, the right-hand side of eqn (13), for no incident or transmitted fields

and with only scattered field or field due to current on the wire, gives eqn (15).

Equation (15) is the flux due to the wire current and the return current in the
ground.

h x+Ax
—jouy | | —H,dxdz=—[joL, +Z,(jo)l(x, jo) (15)

—o X

Note that there exists only external inductance term for wire above a perfect
ground. From eqn (15), it is seen that the total external impedance is a series
combination of external impedance due to inductance of wire with perfect ground
and the ground impedance Z_. Similar to external mutual inductances (5b) for
wires above ground, one has mutual ground impedance too. Many researchers
have contributed to deriving the ground impedance expressions. Only the most
important ones applicable to transmission line type problems will be discussed
here.

The critical frequency for the soil is the instant when the displacement cur-
rents become equal to the conduction currents. For a given soil if the critical
frequency is w_ = ag/e and if the propagating pulse on the wire or the associated
electromagnetic fields have a frequency w, then the behaviour of the earth to
those incident fields are the following (various types of electromagnetic pulses
that are encountered in practical electromagnetic compatibility problems are
also given [3, 8, 28-31]),

¢ Ifw<0.1w,, then it is low-frequency approximation and the earth behaves as a
conductor (Carson region). All the pulses like power, switching and typical first
lightning return strokes belong to this category.

* If 0.lo, < w < 2w, then it is high-frequency approximation and the earth be-
haves as both conductor and insulator (transition region). Most of the first and
lightning subsequent return stroke pulses belong to this category.

e If w>2w, then it is very high-frequency approximation and the earth behaves
as an insulator (asymptotic region). Most of the high-altitude electromagnetic
and nuclear electromagnetic [31] pulses belong to this category. Care has to be
exercised that the transmission line approximation may be strictly questionable
at these frequencies.
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2.2.1 Carson’s ground impedance expression for low-frequency pulse
propagation studies

Carson [16] was the first to investigate the concept of ground impedance (also called
earth return impedance). He first derived the general solution of axial electric field
in the ground and related this axial electric field to the magnetic field components
using the Maxwell’s curl equation. He then split the magnetic field components into
two parts, i.e. one part of the field coming from the current in the wire and the other
from the current in the ground. The axial displacement currents in the ground were
neglected (low-frequency approximation), i.e. the ground propagation constant is
Y é = 'co,uoag and it is assumed that the wire is of sufficiently small radius so that
the distribution of current over its cross-section is symmetrical for the electric field.
The axial electric field was further related to the scalar and vector potentials and he
derived the final ground impedance expressions as an improper integral shown in eqns
(16a) and (16b) for self and mutual values respectively (refer Fig. 1 for geometry).

. oo —2hu
. JOH e
Zgi" (o) == | = du (16)
0 \/u + oo, +u
. o 2(h+h)u
arson . - , e 1 Tcos(dyu)
Z25son (jy) = 1% i g, (16b)

2 .
0 \/u + jouyo, +u

The infinite integral terms in eqn (16) have certain solutions in terms of Bessel’s
functions of first and second kind. Those functions can be expanded in terms of
infinite series. For simpler computations, Carson further expanded the integrals
to infinite series [16], which is widely used by power engineers. Carson’s infi-
nite series converge very quickly at low frequencies. The convergence decreases
as frequencies increase and could lead to truncation errors. The low-frequency
approximation is used (see the denominator terms, wherein &, is missing in eqn
(16)). Further, under the limits frequency tending to infinity, Carson’s expression
poses singularity, i.e. ground impedance tends to infinity. In reality, as frequency
tends to infinity the ground impedance tends to be finite, which will be discussed
later.

To overcome the difficulty of convergences of Carson’s equations and perhaps
to study some of the power system faults, Gary proposed the complex depth earth
return method in 1976 but without any analytical proof of his proposition [6]. In
1981, Deri et al. [6] theoretically proved the relationship between the Carson’s
method and the complex depth ground return method, thereby proving Gary’s
proposition of complex depth ground return method.

This method is somewhat a closed-form approximation to Carson’s integral
equation (16). Deri et al. [6] method assumes that the current in conductor say, k
returns through an imagined earth path located directly under the original conduc-
tor at a depth of (4, + 2p) as shown in Fig. 4, in which k" refers to the imagined
earth return conductor of conductor k and p to the low-frequency approximation of
the skin depth of the ground. In other words, earth can be replaced by a set of earth
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Figure 4: Allocation of conductors k and [/ and their images k' and [’ with a low-
frequency approximation of skin depth p [6].

return conductors. The distance between a conductor and its imagined earth return
conductor equals twice its height above ground plus the skin depth of the ground
(i.e. 2(h, + p)). It must be emphasized that the skin depth p = (jou o g)*” %is a com-
plex number. The relevant ground impedance equations are shown in eqn (17)
which have symbols as defined in Fig. 4.

. j h +p
ZDen etal. i) = JOHy In Tk T F 17
Derietal.(jep) - " (17a)
‘ i D,
gDerietal o %m i R 17b
gkl (-] ) 21t Dk] ( )

The drawbacks of Carson’s integral equations with regard to high frequency
also apply to Deri et al. expressions as well. Further, it is observed that p = 0 as
 — oo. This is not true because as the frequency tends to infinity the penetration
depth tends to an asymptote decided by the ground material properties. This will
be discussed after the high-frequency expression for ground impedance. Note
that the low-frequency approximation is strictly valid only if the conduction
currents are much larger compared with the displacement currents in the soil,
ie. T, >> WE,.
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2.2.2 Sunde’s ground impedance expression for high-frequency pulse
propagation studies

After Carson, the next important person to contribute to the development of ground
impedance was Sunde [4]. In his classic text on Earth conduction effects on trans-
mission systems, Sunde analysed several other cases with regard to the location of
wire, above and below ground, for wide frequency range and with specific atten-
tion to propagation characteristics. In authors’ opinion, he was the first to bring
the concept of transmission line modelling with earth conduction effects, judged
from all his interesting works and publications during the 1940s. During his time,
the lightning-induced transients and other power system fault estimations was of
utmost significance. This may have led him to investigate the wave propagation in
buried cables, overhead wires, grounding rods and wires, etc. Sunde [4] derived
his expression by assuming a dipole in air above the earth surface, with earth
assumed to consist of two layers. He then used the wave functions or the Hertz
potentials [32] in the three media and derived the result by satisfying the bound-
ary conditions corresponding to the continuity of the tangential components of
the electric and magnetic fields at interfaces. His ground impedance expressions
(18) include the displacement currents in the soil, i.e. ground propagation constant
Ve = \j oo, (ag + ja)sg) was used (refer Fig. 1 for geometry).

. e =2h, -u
unae . a) e *
750 o) = L% du (18a)
0 \/uz + y; +u
=2 t+h ) u
ZSunde ]wﬂo (k) cos(d,u) du (18b)

! J‘ \/u +yg +u

The only difference between Carson’s (16) and Sunde’s (18) expressions is that full
propagation constant in the ground was used by Sunde, the justification being that
at higher frequencies the displacement currents in the soil could not be neglected.
For the self-ground impedance eqn (18a), Sunde gave a logarithmic approximation
as shown in eqn (19a).

i 1+hy
ZSunde log W) = ]w:u() ln kig 1
ok (J@) o o, (19a)

In the recent studies on the field wire coupling problems in overhead power lines
for a wide range of frequencies the Sunde’s logarithmic approximation is used
[28, 31]. There is yet another ground impedance expression by Vance in terms
of Hankel functions and it is mathematically equivalent to Sunde’s expressions
(19a) [5]. However, according to Chen and Damrau [7], Sunde’s logarithmic
approximation is more valid. It is further said in [3, 7] that for overhead power
lines eqn (19a) is a very good approximation of eqn (18a) and the logarithmic
formula are valid for a wide frequency range [28, 29]. Now, having known the
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drawback of low-frequency approximations of Carson, the immediate question
is, does Sunde’s logarithmic or integral expression suffer the same drawbacks?
No! As the frequency tends to infinity Sunde’s expression, specifically logarith-
mic expression is finite and never poses any singularity. The integral expression
(18a) have convergence problems, hence the authors have not investigated its
behaviour for higher frequency. Rachidi et al. [28, 29] have mentioned that the
integral expression (19a) does not pose any singularity. Let us discuss this finite
value in a little while. Sunde’s expression has greater validity compared with
other low-frequency approximations.

Equation (19a) has been extended by Rachidi et al. [28] for the mutual imped-
ance as given below in eqn (19b) and it is also claimed that (19b) is a very good
approximation of eqn (18b). It can be shown that eqns (19b) and (17b) are similar,
excepting that the low-frequency approximation of ground propagation constant

was used in eqn (17b).
2 2
h,+h d
o |5 ()
= 1% 4y / _ (19b)
2m Ve +My) N Vedu
2 2
As mentioned earlier, we next discuss the asymptotic nature of the ground imped-
ance as the frequency tends to infinity based on the field penetration depth. A
comparison of various ground impedance expressions is shown in Fig. 5 for a

conductor of height 8 m and for different ground conductivities as a function of
frequency.

Sunde-1 .
Zg/?[n e og(]w)

2.2.3 Asymptotic nature of ground impedance and the concept of
penetration depth of fields in the ground

From Fig. 5, it is seen that the ground impedance magnitude is tending to a con-

stant value as frequency tends to infinity. To understand this, we need to see what

happens to the ground penetration depth as the frequency tends to infinity. The

penetration depth of the fields in the soil is given by eqn (20) [5].

5, = (20)

It can be shown that eqn (20) tends to eqn (21) as the frequency tends to infinity
[5, 8].

&
lim 4, _2 % (1)

w—>oo g, \ Ho
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Figure 5: Ground impedance amplitude and argument plots for conductor height
8 m and ground conductivity o .= 10 mS/m and o, = 0.2 mS/m, ground
relative permittivity by = 10.

Figure 6 shows the variation of ground penetration depth as a function of frequency
for various ground conductivities. Note that the low-frequency approximation of the
ground penetration depth will lead to zero penetration depth as frequency tends to
infinity, which is incorrect, due to which the low-frequency approximation of the
ground impedance, rather than approaching a constant asymptotic value, approaches
infinity. Thus, Sunde’s ground impedance is valid as it approaches finite value under
the limits frequency approaching infinity.

The value of the ground impedance, as frequency tends to infinity, is given by
eqns (22a) and (22b) for self and mutual values respectively [8], which is neces-
sary for time domain calculations.

. L
imZ,, =—— |— 22a
Jm 2 gk 2l \ 2, (22a)
et by Ho (22b)

lim Z,, =
e S n[(hk+ )+ d,fl] &
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Figure 6: Penetration depth of electromagnetic fields in the ground for various
ground conductivities by = 10.

If one observes the manner in which the ground impedance curves of Sunde
in Fig. 5 varies as a function of frequency for different ground conductivity, it
can be seen that the poorer the ground conductivity, the earlier the frequency
at which the asymptotic value is attained. This is also observed in the case of
Fig. 6 for ground penetration depth. Thus, using the concept of ground penetration
depth, Theethayi ef al. [33] discussed somewhat philosophically/intuitively, the
limits of transmission line approximation for wires above finitely conducting
ground.

It should be emphasized that we are discussing a case where ground has uniform
conductivity, but in practical situations there are several layers in the soil having
different conductivity and permittivity. Sunde in his book [4] has proposed the ways
to calculate the ground impedance under such circumstances. But there are always
assoicated uncertainties, i.e. lack of information regarding thickness of layers,
proper ground conductivity, etc. Sunde [4] and Vance [5] mention that uncertainties
in the soil conditions could cause around 20% errors in the analysis. Some works to
this direction under low-frequency approximations have been proposed in [6, 34].
However, analysis and accuracy with regard to transmission line solution for the
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kind of problem we are dealing with is only dependant on the accuracy of ground
impedance expression.

2.2.4 Limits of transmission line approximation for overhead wires

In the above discussions, we have mentioned the upper frequency limits if trans-
mission line approximations are to be valid. For all the above ground wires with
earth return it was shown that currents return in the soil at various depths depend-
ing on the penetration depth which is further dependant on the frequency.

Along the length of a normal transmission line, both electric and magnetic fields
are perpendicular (transverse) to the direction of wave travel [1-3], which is known
as the principal mode, or TEM mode, thereby allowing us to use the quasi-static
analysis. This type of analysis has been carried out earlier by Bannister [13-15].
Now the condition for the TEM propagation to be dominant at any given frequency
is, that the distance between the actual wire location and the return wire (return
path in the ground) is less than or equal to the wavelengths of the pulse propagat-
ing in the air. Thus, under limiting conditions, for any given frequency the pulse of
the wavelength should be such that )»pulse >2(h + ). It is clear that if at all the
wavelength violates the above condition, then there would possibly be other modes
of propagation that should be considered and that the definition of voltage will no
longer be valid as the wire might be radiating or return may not be through earth.
A solution based on exact Maxwell or Hertz dipole theory as carried out by Wait [9],
Olsen et al. [10], etc. could answer such doubts. Thus in the present study assum-
ing that only a TEM or a quasi-static field structure exists (dominant), with all the
other modes suppressed the minimum frequency beyond which the transmission
line approximation might be questionable is given by f; =3 X 10%/2(h + 0_),
where 0_ =2/o,, \[¢[11-

Figure 7 shows the actual frequency-dependant distance between wire location
in air and its corresponding image wire or return plane for a conductor height of
10 m. The distance between the wire and its actual image is an extension of the
analysis based on Bannister [13—15], which is twice the sum of height and the
skin/penetration depth in the soil. Note that the whole medium under consider-
ation now is air. Therefore, in Fig. 7 the wavelength in air is also shown as a func-
tion of frequency. It is seen that when the ground conductivity decreases, the
limiting frequency for the transmission line analysis to be valid also decreases
based on the arguments presented earlier and is similar to conclusions made in
[28, 29].

Thus, we have determined all the parameters corresponding to the frequency-
dependant series impedance terms in the first transmission line equations. We now
move on to the calculation of shunt admittance parameters of the line in the pres-
ence of finitely conducting ground.

2.2.5 Ground admittance for above ground wires
If ground impedance is obtained, then one can obtain the ground admittance too.
The ground impedance is due to the contribution of magnetic field in the ground.
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Figure 7: Frequency-dependant distance between the source wire and fictitious return

=10.

g

g

path for conductor height 10 m, ¢, =10, 1 and 0.1 mS/m and ¢

Similarly the ground admittance is due to the contribution of electric field in the

ground. The linear charge density along the conductor and admittance of the line is

related to the electric field as shown in eqn (23) and based on Fig. 3 [3].

0
dz+JE

h

Jjo)

)

joog (x

(23)

dz

Z

Z

{E

Y. (jo)

(24)

. Y,(jo)

joC,

(jow)

Ye

The overall shunt admittance of the line is thus given by eqn (25), which implies
that the total line admittance is a series combination of external admittance due to
capacitance of the wire to ground with perfect ground conditions and the ground

admittance.

(25)

JoC. Y, (jw)
JoC, +Y, (jw)

Y. (jo)
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Again, there are some expressions in the literature for the ground admittance of the
line [5]. However, as an approximation, the ground admittance and ground imped-
ance are related through ground propagation constant as in eqn (26).

Y, (jo) = ;[ Z, (jo)”! (26)

2.3 Complete per unit transmission line representation and the sensitivity
of each transmission line parameters

We have seen in the previous sections all the relevant parameters to represent a
distributed transmission line segment of an overhead wire with ground as return.
Using those parameters the per unit length representation of the above ground wire
is shown in Fig. 8. In the MTL systems, there will be mutual couplings external
impedance and admittance parameters. The analysis, however, remains the same
but with matrices as explained earlier. These parameters are part of the transmis-
sion line eqns (9). Let us next see which parameter among the previously men-
tioned list of transmission line parameters is dominant in various analyses.

Let us begin with series impedance parameters, i.e. we shall compare the mag-
nitudes of internal impedance, external impedance under lossless ground condi-
tions and external self-impedance under lossy conditions. For comparisons, we
shall use the internal impedance expression (10), the external inductance expres-
sion (5a) and the ground impedance expression (19a) for a typical overhead copper
wire, 8 m height, 1 cm radius and with a ground conductivity 10 mS/m. The com-
parisons are shown in Fig. 9.

From Fig. 9, it is clearly seen that the external impedance parameters dominate
largely over the internal impedance only at extremely low frequencies and typically

Ixjo) Z;idx Zgdx joL.dx I(x+dxj®)
» [ 1 I —le
[ 1 ? {
A A
joCedx -

™ Y,dx L
- ©

« dx >

Figure 8: Transmission line segment with all the transmission line parameters for
an above ground wire.
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Figure 9: Transmission line impedance parameters comparisons as a function of
frequency for copper wire 1 cm radius, 8 m height above ground of con-
ductivity 10 mS/m and ground relative permittivity of 10.

when the conductor heights are close to the ground the internal impedance effects
should also be considered. Similar conclusion has been made in [28, 29] for typi-
cal overhead wires. In [35] it is shown that even for conductors close to the lossy
ground the internal impedance effects are negligible. Hence, in the analysis with
ground losses internal impedance could be neglected to reduce computational dif-
ficulties. We shall however see how to include internal impedance in later time
domain simulations. Paul in [1, 2] has shown that skin effect phenomenon could
be important in simulations of crosstalk phenomenon with printed circuit board
lands, etc. with high-frequency pulses.

Next, let us look at the shunt admittance parameters under lossy and lossless
conditions. We take the same example as above and calculate the external capac-
itance using eqn (7); and the ground admittance using eqn (26). The comparison
is shown in Fig. 10, where it can be seen that ground impedance can be simply
neglected for above ground wires since its contribution to the overall shunt admit-
tance of the line is negligible. Similar comparison/conclusion was made in [28].
It is shown that influence of ground admittance is negligible when the wire is
close to the ground. In [7, 35] it is mentioned that the ground admittance is impor-
tant only when the wires are on the ground or below the ground which will be
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Figure 10: Transmission line admittance parameters comparisons as a function
of frequency for copper wire 1 cm radius, 8 m height above ground of
conductivity 10 mS/m and ground relative permittivity of 10.

discussed in Chapter 3. Note that we shall from now on neglect the ground admit-
tance for further analysis in this chapter.

The authors would like to mention that pioneering works of Wait [9] and other inter-
esting works by researchers like [10, 36-38], etc., on the subject of wave propagation
on wires above ground will give broader insight into the electromagnetism and math-
ematical principles underlying the problem under study. Those works could motivate
researchers and engineers to develop more accurate and simple expressions for ground
impedance and admittance for direct application to various practical problems.

2.4 Transmission line equations time domain for wires above ground

Any frequency-dependant loss in time domain will lead to convolutions in time
domain. Thus with ground losses and skin effect losses included for wires above
ground the relevant transmission line equations, i.e. the voltage and current wave
equations are given by eqns (27a) and (27b), respectively, for a system of MTL under
the zero external field illumination. Note that for the skin effect loss the impedance
corresponding to eqn (12) is used in eqn (27a). Thus the problem remains in solv-
ing the two convolutions in eqn (27a). We shall adopt the most widely used method
in solving the transmission line equations, i.e. the finite difference time domain
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(FDTD) method. This method has been applied by various researchers for differ-
ent external field excitation problems (electromagnetic pulse, lightning, switching,
etc.), grounding systems, electronic printed circuit boards, etc. This method also
allows us to include other non-linear devices as terminal loads, making it very suit-
able to simulate practical systems for transient protection.

WD) 4oy B [f 1 I(xi— dTJ+LeaI(x,t)

ox Jr ot—-1) ot

ol (x 7)

+[ea-n=dr=0 (27a)
0

A(x,1) . WD)
ox ¢ ot

=0 (27b)

2.4.1 Time domain transient ground impedance

Before going further, it is important that we discuss the concept of transient ground
impedance, i.e. the last term on the left-hand side of eqn (27a). In principle, the
transient ground impedance is defined as either Laplace or Fourier inverse of
ground impedance as eqn (28).

Z (j Z (j
(o=r" (—g F]w)] ! [—g Qw)) (28)
jo jw

Using the initial value theorem, it is easier to find the transient ground impedance
value at ¢ = 0, which is necessary for FDTD calculations (to be discussed later).

Z,(9)

(29)

It is clear that based on eqn (29) the value of transient ground impedance at zero
time is eqn (22) for self or mutual impedance as the case may be. It is impor-
tant to mention that in the literature there are no time domain expressions for
transient ground impedance (28). But there are some expressions that are based
on approximations. We shall take them one by one as transient ground imped-
ance for complete time including ¢ = O is needed for the FDTD calculations
[33, 39, 40].

Timotin [41] first developed the time domain transient ground impedance
expression by performing inverse Fourier transforms of Carson’s expression.
Later, Orzan [42] extended Timotin’s expressions for the mutual transient ground
impedance, as shown in eqn (30), which is applicable only when o_ >> we_. This
approximation is also called the late time (LT) approximation as it is applicable to
the complete low-frequency spectrum.
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It is not certain as to how the transient ground impedance behaves in the transi-
tion region and in the very high-frequency region as there could be some doubts on
the limits of transmission line approximation itself. Still to facilitate the calcula-
tions by FDTD method, it is essential that some time domain expression covering
both early and the late time regions should be known.

LT L owg | 1 [5g 1 Ty T, | 1

() = =4——|—=1|— +—exp| — |erfc||— [-—

M 2|me [ 2dn Nt 4 t t] 4
+Ho L l+lexp(l)erfc Jri _1 (30a)

nr, |2Vt 4 t t) 4

2
h +h d
T =(—k l +Ji) Moy

2 2 (30b)

TZ[ = Conj(zy)

Two expressions that are available in the literature are due to Araneo and Cellozi
[39] (eqn (31a)) and Rachidi et al. [40] (eqn (32)).

{2)
GCw=e GG -G + 4" (3la)
1
‘L'L =
- 0.6, 0.1(, +1;)3x10° (31b)
2me, " m(dg + [y + 117
. h, +h
,SE(I)=m1n L'} > k1 3 ;bT(t) (32)
&, m(dy +1hy +h1%)

In eqn (31a) the early time (ET) ground impedance expression (33) is used, which
was obtained by Araneo and Cellozi [39] by Laplace transforming the very high-
frequency approximation of ground expression proposed by Semlyen [8].

CET (1) = 2hk+hz . @e—agz/zeglo Il (33)
(dy + [y +11°)\ & 2¢,

In eqn (33), I, (-) is the modified Bessel function of the first kind. A comparison
of various ground impedance expressions has been made in [33, 35]. According
to [39], the maximum frequency at which Carson’s equation is valid is evaluated
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,/2n8g, 0.1¢/2wh) [8, 39]. Hence in time

g

min(0.1o
domain the corresponding late time approximation (30a) can be used at a time

LF _
cr

as the minimum criterion f

[39]. The Semlyen’s very high-frequency ground impedance

LF
cr

greater than 1/f

LF _
T

[39]. In the expression (31), the filter

to arrive at the transient ground impedance approximation.

HF
cr

[39]. Therefore, in time domain the early time transient ground impedance
(33) can be used for times less than 1/f

expression proposed in [8] can be used when the frequency is higher than f

ag/nag

|

The other approximation, proposed by Rachidi et al. [40] (eqn (32)) uses the mini-

concept was used [39

mum of asymptotic value of the transient impedance and the late time approxima-

tion. A comparison of these two transient ground impedance expressions (31) and

(32) with the inverse Fourier transform of Sunde

s ground impedance expression

>

using eqns (19) and (28) is shown in Fig. 11 for a conductor of 10 m height and

ground conditions of ¢

= 10.

. =2 mS/m and Erg

g

It is seen that both the transient ground impedance expressions (31) and (32) are

reasonably good approximations. However

, the deviation between two transient

ground impedance expressions will be higher when the ground conductivity is

poor or conductor heights are smaller [33, 35].

Let us next discuss the method of

solving the transmission line equations (27) using the FDTD method.
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Figure 11: Transient ground impedance comparisons between Araneo and Cellozi, Ra-

chidi et al. and actual inverse Fourier transforms of Sunde ground imped-
ance expressions for 10 m conductor height and o, = 2 mS/m and by = 10.
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3 Time domain numerical solutions for transmission line
equations

3.1 Finite difference time domain method

The best available and simple method to solve the telegrapher’s equations is to use
the FDTD technique. It was first used to solve the Maxwell equations in differen-
tial form using the Yee cell approach [43]. Note that excellent discussions to the
subject of FDTD methods for transmission lines problems and full wave field solu-
tions can be found in the books by Taflove [44] and specifically for transmission
lines in Paul [2]. To discuss the FDTD method let us assume a system of MTLs
that are terminated in some resistive loads. We refer one of the ends as the source
end and the other as the load end. The diagonal matrix of loads at the source end
will be referred to as Rq and similarly for the far-end as R, . Let the voltage source
vector at the source end be V and similarly for the far-end be V; . The representa-
tion is shown in Fig. 12.

For transmission line type problems, the simplicity of FDTD method is such
that the problem is one-dimensional propagation and all the main parameters
with regard to field coupling between wires is inherent in the inductance, capac-
itance and ground impedance and admittance matrix. Thus, space and time vari-
ables are connected to voltages and currents (dual to electromagnetic fields)
along the line in differential equations (27). The FDTD method uses central dif-
ference approximations to discretize (27) in terms of time and space steps.

|

| Jes

Voltage source Current source

Figure 12: The possible types of injection at the terminations on a system of n
conductor MTLs (shown only at the source end here).
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The solution to the problem is achieved by means of leap-frog scheme [2, 44],
i.e. for a given time step, first the voltages are calculated and then the currents;
again the voltages and then the currents; and so on. In the FDTD method there
are NDX+1 voltage nodes and NDX current nodes on the line separated by a
length of dx [2]. The ends of the line are essentially voltage nodes and every cur-
rent node is at the mid-point between two voltage nodes. The voltage nodes are
solved first and then the current nodes, the recursive equations for the voltage
nodes are given below and are obtained by discretization of the current wave
equation and then satisfying the boundary condition at the two end nodes. Note
that the stability of FDTD method depends on the time and space discretization
and it must satisfy the Courant condition, i.e. Ax/At = v, where v is the maxi-
mum phase velocity of the currents or voltages propagating on the line. Paul [2]
suggests that stability of the system is assured when the total number of time
steps NDT and space steps NDX satisfy (34).

NDT > NDX X —~ x Final solution time (34)
Line length

The voltage nodes are solved first and then the current nodes, the recursive equa-

tions for the voltage nodes are given below.
For the first node the recursive relation is eqn (35).

_ -1 _ B |
, RY' C.Ax R c Aax) . R .
‘/ln +1 — (LJ’_S—] \‘(_L_i_ € J‘/]n + ; (Vsn +1 +Vsn ) _]] 2

2 2 At 2 2 At
(35)
For the last node the recursive relation is eqn (36).
-1
’ R' C, Ax R' C,Ax) .
Vn + _L+ e _L_{_ e Vn
NDX+1 > 2 AL > 2Ar | DX+
R el
L n'+1 n’
=V V) + g (36)
For any node in between the line the recursive relation is eqn (37).
1 o1
C -1 C I"L +E + 1}1 +E
an’+1 — e e an’ + k k-1 37)
2 At 2 At Ax

Before going to the current wave equations, it is necessary to understand that
we need to use the recursive convolutions [45], which are computationally more
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efficient than the convolution by numerical integration as carried out in [28, 29].
This is now explained by an example. Consider we need to convolute two time
functions f(¢) and g(¢) as in eqn (38) at any given time using trapezoidal rule of
integration (39).

ov(r) = f()®g(r) = ff(f)g(t —1)dr (38)
0

n’At
cv(n’Ar) = J. f(D)g(t—7)dr
’ , (39)
A n
= Tt(f(O)g(n'At) + 22,[]0(1' At g((n" —i)An)]+ f(n'At)g(O))

i=1

As mentioned earlier, it is seen that the product terms in the trapezoidal inte-
gration changes at every time step and therefore the summation has to be made
using all the previous current terms, which certainly will put a heavy compu-
tational burden and memory requirements if we have many conductors in the
MTL system. At this juncture, we can use the concept of recursive convolu-
tion as proposed in [39]. This demands only the saving of a couple of old cur-
rent values. One of the requirements to use recursive convolution is to find an
exponential approximation for g(#). For our case we need to find an exponen-
tial approximation for the transient ground impedance {(¢). Let us assume that
we have an exponential approximation for g(#) with p exponential terms as in
eqn (40). Note that the transient ground impedance could be fitted using Prony
approximation [46].

)4
g = 21 ae™"a (40)

Note that eqn (40) in frequency domain is eqn (41), which requires the determina-
tion of poles and residues for this well-known frequency domain fitting called the
vector fitting [47] could be used. The authors have adopted this method for fitting
Sunde’s ground impedance expression.

p

6=y Sfa (41)

i=1 i

Assuming, for simplicity, that there is just one exponential, we have recursive
convolutions technique as explained below. This interesting trick was introduced
by Semlyen and Dabuleanu, see appendix in [45].

ev(t) = j f(t—Dae " dr (42)
0
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t—At
et — At) = j ft—At—7)ae "dr (43)
0

Equation (43) can be split as eqn (44)

ev(t)= jf(t—r)a e “fdr+ _[f(t—r)a e “dr (44)

At

Making a change of variables as 7 = ' + At, in the first term on the right-hand side
of eqn (44) and after simplification and change of limits we have

t—At
j flt—t)ae " dr=e "4 j f(t—At—t)a,e " de’ (45)

At

Comparing eqns (45) and (43) and substituting in eqn (44), we have eqn (46).
At
ev(t) = e "N ev(t — Af) + j f—t)ae ™ dr (46)
0

As can be seen from eqn (46) any new value of the convolution is dependant on the
old value of the convolution.

This technique has been adopted by Araneo and Celozzi [39] for the solution
of the FDTD method involving ground loss to discretize the first transmission
line equation and the recursive relation is shown below. Note that the internal
impedance loss is also included as recursive convolution which is adopted from
Paul [2]. The recursive relation for the current is given by eqn (47) for any
node.

i -l et
nzz[g+é+2w<0>+@] l(g_égmnm cw)),

At 2 a2 At 2 JnAr 2 2 )k

;3 n’ _yn ,
C(At) 2 Vk+l Vk _Clll:jl 47)

ey A

There are various terms in eqn (48) that need to be calculated before evaluating
eqn (47). Let the transient ground impedances be fitted as sums of exponentials as
in eqn (48).

(1) = AAe™ + AAe ™ +---+ AAye (48)
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For the skin effect mechanisms, the table in Fig. 13 shows the constants and
exponential terms as taken from Paul [2]. Note that based on the conductor
geometry and material properties, A and B in eqn (12) have to be calculated
a priory. Using constants from Fig. 13, terms p(0) and ¥ in eqn (47) can be
calculated as below.

10
p(0)=3q, (49)
i=1
n'+l n'—l "
Y'=ae" |1, 2-1, ?|+e“¥!" (50)

The terms {(0) and {(A¢) are the value of transient ground impedance and zero
time and first time steps. The convolution term CI is calculated as below and the
method is same as explained in [39]. For an n conductor MTL system CI is a sum-
mation as in eqn (51) for a given node and time instant.

cl,=y.cI, (D
j=1

Each convolution term in eqn (51) is given by eqn (52) for N number of exponen-
tial or constant terms in the fitting of transient ground impedance.

N
Cl,; =>.Cl,. (52)
r=1
i a; o
1 0.790981 80E — 1 —0.11484427E — 2
2 0.115434 23E0 —0.138 183 29E — 1
3 0.134 353 80ED —0.54037596E — 1
4 0.218 704 22E0 —0.142 164 94E0
5 0.982296 67E — 1 —0.301 284 37EQ
6 0.513 604 84EO —0.561421 85E0
7 —0.209 628 98E0 —097117126E0
8 0.119 74447E1 —0.163 384 33E1
9 0.11225491E — 1 —0.28951329E1
10 —0.744252 55E0 —0.504 109 69E1

Figure 13: Table of constants and exponential terms for the skin effect phenomena
(adapted from [2]).
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The recursive relation for each term in eqn (52) at a given node and time instant is
given by eqn (53).

s 1 , 1
At 1 n'+— n'-—
Cl . o=e™Cl . +—AA, |, 2-1I, 2
mjsn mj,r 2 mp.r
| ] w3
TwA| P2 )
+5AAm,-.re T e T (53)

It is worth discussing the errors associated with recursive convolution. It is largely
dependant on the accuracy of fitting. Based on [39], care has to be taken to have
minimum error at the time ¢ = 0 and at first time step. The decaying nature of the
transient impedance decides the peaks and rise times of the final wave shapes.
When the number of conductors is more, it is not computationally efficient to use
more exponential terms for the highest possible accuracy. Hence, an exponential
approximation that fits the transient ground impedance to a reasonable accuracy
is needed.

Note that in all the discussions above the sources at ends of the line were
assumed to be voltage sources and that it is also possible to extend all the above
equations to current source feeding at the ends of the line by using the conven-
tional circuit theory, i.e. source transformations, Thevinin and Norton equivalents,
etc. Next we shall discuss the frequency domain solution for completeness.

3.2 Frequency domain solutions for MTL systems

In frequency domain the MTL system has to be uncoupled and then the system of
uncoupled equations have to be solved. There are numerical complexities involved
in frequency domain, while solving for eigenvalue problem [2]. The Matlab [48]
functions for eigenvalue calculations can be used. Some errors could propagate at
this stage. Some errors could occur while performing the inverse Fourier trans-
forms to the frequency response of voltages or currents. This, however, could be
minimized by playing around with sampling frequency and a number of points in
the 2/ values. The frequency domain analysis is also referred to as modal analysis.
A discussion on the transmission line solutions have been presented in various
texts, e.g. [2, 3].

Let us begin with coupled second-order MTL equations. Note that the imped-
ance matrix has inductance, internal impedance and ground impedance matrix and
the admittance matrix has the external capacitance matrix.

.
dV(—x;]w) = ZYV(x, jo) o
dx
.
(HL’ZJ@) = ZYI(x, jo) o
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Paul in [2] mentions that if we can find two n X n matrices T\, and T, which can
diagonalize simultaneously both the per-unit length impedance and admittance
matrices, then the solution reduces to the solution of n uncoupled first-order dif-
ferential equations [2]. Thus when the matrices are diagonalized, the system of
equations is known as modal telegrapher’s equations, which can be easily solved
since they are in uncoupled form. Let in modal form the transmission line equa-
tions be represented as eqn (55)

dv,, (x, jo)

—mr = y10) 55a
© oy (¥ jo) (552)

d/ i

% =YV, (x. jo) (55b)

In eqn (55) z and y are the modal impedance matrices (diagonal) and they are con-
nected to the actual line impedance and admittance matrix through the transforma-
tion matrix, obtained as

=T, ZT, (56a)
y=1;"YT, (56b)

The second-order modal MTL equations in uncoupled form is given by

dv2(x, jo) .

—dx2] = 2yV,, (x, joo) (572)
dr? (x,j

M =2yl (x, jo) (57b)

It is important to mention that that the product of diagonal modal impedance and
admittance matrix is commutative because of which it can be shown by conven-
tional matrix methods that 7 = T,' [2].

Consider the second-order modal MTL equation corresponding to the current

&1, (x,jo) . .
SO YT I (x, o) = 7 (x, jeo) (58)

In eqn (58) y? is a diagonal matrix. The solution to the modal currents are given by
I, (x, jo)y=e"I —e"I, (59)

The exponential terms in eqn (59) are diagonal matrices and the other terms are
vectors. The final solution for the current and voltage are given by eqn (60).

I(x, jo)=T,1(x, jw) (60)
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Similar analysis can be made for the determination of voltage starting form eqn (61).

V(x, jo)= (T, 'V, (x, jo) (61)
V(x, jo)=(T;7")'V, (x, jo) (62)
V(x, jo) = Z,T, [e‘}’ﬁ; + e”‘]r;] (63)

The characteristic impedance Z, can be calculated from eqn (64).
Zy=ZTy T =Y ' Ty (64)

Note that in all the above analyses, the matrix multiplication order must be maintained.
The unknown parameters that could be encountered while solving above equations
can be obtained by proper treatment of boundary condition at the near- and far-end
of the lines. Note that Thevenin and Norton theorems shall be applied appropriately
at the line ends. For a voltage feeding at the line ends, we have the following corre-
sponding to Fig. 12 and assuming that L is the length of the line or line location.

V(0, jw) = Vy(jw)— RgI(0, jw) (65a)
V(L, jw) =V, (jw)—R I(L, jw) (65b)
Using eqn (65) the parameters /7 and I can be obtained as eqn (66) [2]
( (Zy+R)-T,  (Zy—RyT, J[I;Jz(vsj ©6)
(Zy—R T, (Zy+ROT™ 12 ) \V,

Similarly for a current source feeding at the ends of the line can be derived as eqn

(67) [2].
(GsZy +1")T; (GsZy=1"T; [ 1n) (ISJ 67)
(G LZy - 1T (G zy +1"MTe™ N1, ) UL
Thus, we have the expressions for voltage and current distribution along the line
which can be calculated for any source injection or illumination. An example of

comparison between frequency domain and time domain FDTD method by a typi-
cal lossy problem will be demonstrated next.

3.3 Comparison between direct frequency domain solutions and
FDTD method

It is to be mentioned that majority of the transients have double exponential wave
shape as given by eqn (68).

L(n)=1,"" -/ (68)
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Let us first take an example of perfectly conducting ground and ideal case. The
case being simulated is the following. Two conductors are parallel to each other and
located at 10 m height and have radii of 5.6 mm. The conductors have a horizontal
separation of 1 m and lines are 3 km long. A current source having shape given by
eqn (68) with 1 b= 1.13, ¢, = 100 ps, t, = 2.5 ps is directly fed into the source line
and at the far-end of the source line a resistance of 490 Q is terminated.

This current source has a peak of 1 A and about 10 ps rise time and 50% tail time
of 60-70 ps. On the other line (receptor line, which is a crosstalk nomenclature
discussed in Section 4) both at the near- and far-ends the termination resistances
are 490 Q. Simulations are carried out by the FDTD method and frequency domain
solutions (see Section 3.2). Note that the frequency responses are inverse Fourier
transformed to compare with time domain solutions. The time responses of cur-
rents at the near- and far-end loads of the receptor wire are shown in Fig. 14. It is
seen that more or less the two solutions by different methods are identical.

Next let us take up the same example as above but now by using the finitely
conducting ground. The ground conductivity chosen was 1 mS/m with ground
relative permittivity of 10. The Sunde ground impedance was vector fitted [47] to
obtain the constants and exponential parameters for the recursive convolution in
the FDTD method. This was made to eliminate any approximations associated

50 ! ! ! T T T I T T
Perfect ground: Gi;t =00 : : - ;

mA

004

180 ===~ At ' : = FDTD (near end)

N\ : : === FDTD (far end)
; : : : | = TL solution (iFFT) - (near end)
s ' ' ¢+ | — TL solution (iFFT) - (far end)
-200 ' L I I - T T y
0 5 10 15 20 25 3B/ 3B 40 45 50

S

Figure 14: Frequency and time domain solution comparison for a typical crosstalk
problem for perfect ground conditions.
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with transient ground impedance calculations in time domain. The simulations for
this lossy case with all the other simulation parameters remaining unaltered com-
pared to the previous case are shown in Fig. 15 for the near- and far-end currents
of the receptor.

As can be seen from Fig. 15 that just by the introduction of ground losses the
shapes and magnitudes of currents at near- and far-ends of the wire have changed
considerably. For this reason in Section 4, we deal with the interesting subject of
crosstalk in MTL system. Note that only parameters that will influence the crosstalk
mechanisms will be discussed using typical examples and simple circuit analysis.
The subject of crosstalk is wide area of research in electromagnetic compatibility.

4 Crosstalk in MTL systems

When the distance between source of disturbance and the system suffering
interference is very small, the victim system is in the near-field region of the
source system. Then the coupling path process between the source and victim
is referred to as crosstalk. Crosstalk from one system to other can occur when
the systems share a common-impedance (or shared conductor). It also happens
through electromagnetic coupling in the near-field. Sometimes electromagnetic

50 T 1 I T T "E 1 'F I
Lossy groupd: cgﬂmSm : : E P e
e s T O S e s S
: i ; : L ] :
A I R Pl B4 U A B
! - H ; 2 /4 : ; :
e e S SRR
U VAN A
PR L T T S T T T
LS U R R A Y L B A
B U RN A0 JUNU IO 8 TS OO VOO SO SO
200 A ] L r = FDTD (near end)
i ; : &1+ FDTD (far end)
: : : Y | — TL solution (iFFT) - (near end)
' v v i+ | — TL solution (iFFT) - (far end)
2250 | | | | I T T T T T
0 5 10 15 20 25 30 35 40 45 50

1S

Figure 15: Frequency and time domain solution comparison for a typical crosstalk
problem for lossy ground conditions o .= 1 mS/m and by = 10.
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field coupling can be decomposed into that primarily due to magnetic field
(inductive crosstalk) or primarily due to electric field (capacitive crosstalk).
In many situations, crosstalk happens as a mixture of common-impedance and
electromagnetic field coupling. Various researchers have contributed to studying
the mechanism of crosstalk. The authors’ at this juncture would like to acknowl-
edge that it was Paul [1, 2] through his interesting works has given a new dimen-
sion and better understanding of the phenomena of crosstalk. In order to have
crosstalk, we need to have at least three conductors, one source wire and the
other receptor wire (one could have many receptor wires in MTL systems) and
the third wire or plane is the return path. Crosstalk in general increases with
increasing frequency, unless the skin effect acts to screen it off as in a homoge-
neous shield of a cable. In the following sections we will analyse different types
of crosstalk and find out the various factors influencing them under weak cou-
pling assumptions and for lossless case, i.e. for the case of MTL systems above
perfectly conducting ground.

4.1 Crosstalk under weak coupling conditions and for electrically short lines

In a system of MTLs one can on priory determine whether the system has weak or
strong coupling mechanism from the source frequency, geometry, etc., i.e. system
has weak coupling when the coupling coefficients between the source and the
receptor as given by eqn (69) satisfies x << 1. If in an MTL system the external
self and mutual inductance/capacitance per meter is known for perfectly conduct-
ing wires above ground then,

Ky = Lekl — Cekl
\/Lek Lel \/Cek Cel

It should also be mentioned that under weak coupling conditions, the source or
emitter voltage and currents are not affected by the receptor or adjacent conduc-
tors. In the following analysis, besides weak coupling, electrically small MTL is
assumed, i.e. when line length satisfies L << 4, where / is the wavelength. Also it
is assumed that self-inductive impedance of the conductors are small compared to
the terminal loads, i.e. wL, << R, or Rgand that capacitive impedance to ground is
far greater than the terminal loads, i.e. 1/wC, >> R, or Rg.

(69)

4.1.1 Crosstalk due to common impedance coupling

Often, two or more current loops share a common conductor, usually the refer-
ence conductor or plane as shown in Fig. 16. Let the desired signal be the volt-
age drop V| across the resistor R| ,. This signal is affected by the current 7, in
circuit 2 (source circuit). In the following analysis we will see how the imped-
ance Z_ of the common connection between circuit 1 (receptor) and circuit 2
(emitter) is the reason for the interference in signal voltage V| ,. Remember
that at high frequencies, conductors have finite impedance that should not be
neglected.
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Figure 16: Common impedance coupling representation.

From mesh analysis of loops 1 and 2,

Vo =Ry Iy + Ry L +Z (I, + 1) (70a)
Voo =Rl + R, L+ Z (1) +1,) (70b)
If the loop resistances are represented as lepl = Rgl +R , +Z_ and RIOOP2 = Rg2 +
R, , + Z_then the voltage drop at can be obtained as eqn (71).
VR Z.R ,(V,,=Z.1))
IR, = gLl L1\Ve2 1 (71)
Rloopl Rlooleloop2

The common impedance Z, compared with the sum of loop resistances is very

small, hence assuming ZC2 << Ryg0p1 Rigopor €40 (71) can be simplified to eqn (72).
VR VpZ R
VLI - IIRLI — gl™'L1 _ g2 L1 (72)
Rloopl RlonleloopZ

The second term of eqn (72) represents the noise introduced due to the common
impedance Z_. Interference due to common impedance increases (1) if the com-
mon impedance Z_ is increased and (2) if the current through the common imped-
ance due to the disturbing circuit (1, = VgZ/RloopZ) is increased. Crosstalk due to
common impedance can be reduced by keeping Z_ as low as possible or avoiding
Z, altogether. This can be achieved by assigning separate conductors to each loop
and connecting each loop to the reference at a single point. Note that common
impedance Z_ contains a resistive part and a reactive part. In the case of a shared
conductor, the inductive part is dominant at high frequencies (Z_ = jwL ). Also, in
the foregoing analysis, the dimensions of the circuits are assumed to be much less
than the wavelengths of interest (electrically small).
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If the victim circuit (circuit 1) does not contain any sources (Vgl = (0), we can
rewrite eqn (72) as eqn (73).

m - _ Zc RLI
VgZ RlooleloopZ (73)

Equation (73) can be regarded as a crosstalk transfer function due to common
impedance. It is the voltage produced in the victim circuit per unit source voltage
in the disturbing circuit.

4.1.2 Crosstalk due to capacitive coupling
Consider two current loops over a conducting plate forming an MTL as shown in
Fig. 17, and the loops are electrically small.

Current loops have electromagnetic fields associated with it. First, consider only
the electric fields. That is, consider only the capacitive coupling, neglecting the
inductive and common impedance couplings. The capacitive coupling between the
two loops can be represented by the circuit diagram in Fig. 18. Note C,, is the
mutual external capacitance and C, is the external capacitance of the receptor.

Writing equation for currents at node 1 we have,

V., V
R—“+A+ JoC.Vi, + joC, (Vi —=Vi,)=0 (74a)
L1 gl

Simplifying eqn (74a), we have eqn (74b).

VLI

JoCyy

1 1
Vi, = —+—+ joC, + joC\, (74b)
Ry, Ry,

1 - Victim

2 - Source

Figure 17: Two conducting wires above a conducting plate forming current loops.
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Figure 18: Equivalent circuit showing the capacitive coupling between two loops.

Writing equation for currents at node 2, we have

Vo=V Vv
MJFRLM JOCV, , + jCp, (Vi , Vi) =0 (75a)

Rg2 L2

Simplifying eqn (75a), we have eqn (75b).

. Vg2
ViiljoCp 1+ —=
Ry,

v, = (75b)

1 1
—+—+ jowC, + joC,
Rg2 LI

Equating (74b) and (75b) it is possible to get an expression for transfer function for
capacitive crosstalk, V, ,/V _, in terms of impedance and capacitance. In a simple
case in which all resistance are matched and equal to R we obtain eqn (76).

Vi _ Jj®RC,, 76)

% 2
2 44 jA4wR(C, +C.) -’ RAC,2 (1 + ?2]

r

Note that eqn (76) is valid only for electrically small circuits and it can be approxi-
mated as eqn (77).

Vi _ JoRC, (77)
Vo 4

From (77), it is observed that: (1) Capacitive crosstalk increases in proportion to
the frequency. In time domain, the fast variations in the signal could be responsible
for the capacitive crosstalk. (2) For a given mutual capacitance C,, and disturbing
source ng, the crosstalk increases with increasing circuit impedance R.
Capacitive crosstalk is present in transformers, switch contacts and in components.
The general circuit presented here can be used to analyse these various situations.
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In those cases the conductors represent the carriers of common mode signals and the
metal plate represent the reference (metal casing, metal cable trunk, reinforcement
meshing in concrete floor and walls). It is possible to model the capacitive crosstalk
as a current injection into the victim circuit as shown in Fig. 19.

Equation (78) can be obtained from the circuit in Fig. 18.

i

v,
+—LL 4 joCV —1.=0 (78)
RLl

c
g2

Substituting eqn (78) in eqn (74a), we get I as eqn (79) in frequency and time,
with V} | - V|, =V, as the voltage difference between the two circuits.

av 79)

To avoid/reduce capacitive crosstalk some measures are:

(1) Reduce mutual coupling capacitance C,,. This can be achieved by decreas-
ing the surface area of conductors and increasing the distance between them. As a
rule-of-thumb, keep the wire separation distance ten times the wire diameter.
Introducing a ground plane can significantly reduce C,,. In printed circuit boards
conductive planes are used to reduce capacitive crosstalk between tracks. In equip-
ment with metal cabinets, the cables may be routed close to the metal panels, so
that the crosstalk between the common mode signals of two different cables can be
reduced. In metal cable trunks, the cables can be arranged closely against the trunk
walls. Caution! If the ground is noisy, the capacitance C, between the ground and
the circuit will introduce noise signals into the circuit.

(2) Capacitive crosstalk increases with frequency, hence do not use frequencies
more than that is absolutely necessary. For example, in a digital circuit, do not use
pulse rise times (or fall times) more than necessary.

(3) Reduce capacitive coupling using metallic screen (shielding), e.g. screen
transformers to reduce crosstalk. Screening breaks up the coupling capacitance

I

Figure 19: Modelling capacitive coupling as a current injection into the victim or
receptor circuit.
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C,, into two capacitances connected in series. Screening is most effective if it is
connected to the reference by low impedance. Then the injected disturbance cur-
rent has a low-impedance path to the ground.

4.1.3 Crosstalk due to inductive coupling
Consider the two parallel current loops of Fig. 16. Now consider only the magnetic
field coupling between the wires. The circuit can be redrawn as shown in Fig. 20.
The mutual inductance M (external inductance L,,) accounts for the coupling
through the magnetic fields.
The loop equations for loop 1 can be written as eqn (80a).

Ry Iy + jooLyI, + joMI, + Ry, I, =0 (80a)

Equation (80a) can be simplified to eqn (80b).

LRy + Ry + joL,)

I, oM (80b)
The loop equations for loop 2 can be written as eqn (81a).
Ryl + joLyly + joMI + Ry 1, =V, (81a)
R
) Ry
+ I 2 { I 1 |
ng Ly Ly
R
RL, M L
7~ 4

Ly

Figure 20: Inductive coupling between two electrically small circuits.
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Equation (81a) can be simplified to eqn (81b).

V,, — jooMI
L=—2% ! (81b)
Ry + R, + jooL,

From eqns (80b) and (81b), we can get the transfer function for inductive crosstalk
Vi 1/ ng, for a simplified case in which all resistances are matched and equal to R,
and L, = L, = L is given by eqns (82). Equation (82) can be approximated as eqns
(83) when R > wL.

Vi _ —JoRM (82)
Voo 4R+ j4wRL—c*(L* = M?)
Vu _ —joM (83)
V, 4R

From eqn (83), it is observed that: (1) inductive crosstalk increases in proportion to
frequency and (2) for a given mutual inductance M and disturbing source Ve the
inductive crosstalk increases with decreasing circuit impedance R.

It is possible to model inductive crosstalk by a voltage source in series with the
victim circuit as shown in Fig. 21.

From Fig. 21, we can write the loop equation (84)

Ry Iy + joLd, + R I, =V, =0 (34)

Substituting eqn (84) in eqn (80a), we get V; as eqn (85) in frequency and time.

V. =—joMI,

dr, (85)
Vi=-M—t

dr

8 Ry,
I

Figure 21: Modelling inductive coupling as a series voltage source.
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There are various methods to reduce inductive crosstalk. Make the mutual
inductance (M) as low as possible. The value of M decreases as the areas of the
loops are reduced and the distances between them are increased.

As far as possible, orient the loops perpendicular to each other so that there is
very little coupling between them. Keep the magnetic field H produced by the
‘transmitting’ loop, as shown in Fig. 22 as small as possible. The value of H can be
reduced by running the two conductors of the loop very close to each other. Refer-
ring to Fig. 22, the magnetic field strength at a position P is given by eqn (86)
which is valid when the radius r, >> D,.

-1 -1
I D D I, D
H=2rn-"2| ~[p+2]| |- 22 (86)
2n 2 2 21y,

From eqn (86), it can be clearly seen that reducing the separation, D,, of conduc-
tors in the transmitting loop (equivalent to reducing loop area) reduces the mag-
netic field at the position of the receiving conductors. The induced voltage per unit
length in the receiving loop is eqn (87).

Vina = D1ty (11_1;] = joDu,H (87)
From eqn (87), we see that the voltage pickup by the receiving loop is reduced if
the distance, D, between the conductor pair is small.

Another method is to use twisted pair type conductors. Twisting the conductor
pairs or using twisted cables can reduce the crosstalk due to magnetic field cou-
pling. Twisting the transmitting conductor pair reduces the H-field. Twisting the
receiving conductor pair further reduces the induced voltage. This is illustrated by
an example. Consider an emitter carrying a current I, that varies with time as
shown in Fig. 23.

In Fig. 23, consider the area formed by the one twisted-wire pair with the ground
conductor (reference). The unbalanced common mode currents produced in the
two wires of the twist effectively produce a net magnetic field opposing the origi-
nal magnetic flux produced by the generator wire circuit. This is equivalent to a
circulating current as shown in Fig. 23. The direction of this induced current in

-Ip P

o | ® ol ©

e ad
Transmitting }

p
m iy
; Dy ¢ Dy

Receiving

d

Figure 22: Inductive crosstalk between loops.
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Figure 23: Diagram illustrating the reduction of induced voltage due to magnetic
field coupling in a twisted-wire pair.

Figure 24: Balanced twisted-wire pair that minimises both the inductive and the
capacitive coupling.

each of the twist is such that it produces a magnetic flux that is opposite to the
original flux. Therefore, there are only extremely small currents due to induction
at the terminal loads. However, there is no reduction in induced currents due to
capacitive coupling. The arrangement in Fig. 23 is called unbalanced twisted-wire.
To eliminate both inductive and capacitive coupling, a balanced twisted-wire
arrangement, as in Fig. 24, can be used [1]. If possible, avoid fast changing cur-
rents. Induced voltage is proportional to rate of change of current, or in frequency
domain proportional to frequency.

4.1.4 Capacitive and inductive crosstalk combinations

In a practical circuit, different types of crosstalk may be present simultaneously.
We will consider the case of simultaneous capacitive and inductive crosstalk and
for simplicity we neglect the common impedance coupling part. Consider the two
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current loops over a conducting plane as shown in Fig. 17. Assume that cross-
talk due to both electric and magnetic fields are present. Modelling the capacitive
crosstalk as a current injection into circuit 1 (victim) and modelling the inductive
crosstalk as a voltage source in series with circuit 1, we can represent the crosstalk
combination as shown in Fig. 25, representative of fictitious source feeding the
receptor line.

In Fig. 25, all the symbols I, = C,,(dV/dr), where V is the voltage difference
between the two circuits and V, = M(dl/dt), where [, is the current in the disturbing
circuit. C,, and M are the coupling capacitance and mutual inductance between the
two circuits. For convenience R, and R, | are renamed as R and Ry, respectively.
Terminal N stands for the ‘near end’ (near to the disturbing source voltage ng) and
F stands for the ‘far end’. Also note that the Lenz’s law requires that the polarity
of the voltage source V,, representing the inductive mutual coupling, should be as
shown in Fig. 25, driving a current from the far-end to the near-end. It is assumed
that the line is electrically small and the frequencies involved are sufficiently small
so that the effects of L and C, (self-inductance and capacitance to the ground) can
be neglected.

Solving the circuit of Fig. 25, we can easily get the expressions for voltage at the
near- and far-ends V and V; and they are given by eqns (88) and (89), respectively.

RN . RNRF .
Vy = —— joMI, +—E— joC,V (88)
Ry + Ry Ry + Ry
R RyR
Vi = ——L— joMI, +—E— joC,,V (89)
Ry + Rg Ry +R;

A photograph of typical crosstalk setup used for laboratory demonstrations is shown
in Fig. 26. For details of the set up, see the figure caption. The source having a
frequency of 500 kHz, connected to the emitter has a sinusoidal shape as shown
by the oscillogram in Fig. 27. This demonstration will be used for the discussions
later in describing inductive and capacitive crosstalk.

To demonstrate the near-end and far-end crosstalk voltages under the dominance
of capacitive coupling consider the following case with regard to the crosstalk set up

Figure 25: Model for capacitive and inductive crosstalk combination.
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- - IR——

Figure 26: Photograph of a typical crosstalk arrangement. Two copper wires above
a perfectly conducting ground plane; one of them is the emitter (to
which the source is connected at one of the ends called near-end with
respect to the ground plane) and the other is the receptor separated by
a certain horizontal distance from the emitter. The length of the wires
is 1 m.

shown in Fig. 26. Let the sinusoidal source shown in Fig. 27 be connected to the
emitter. The far-end of the emitter is open circuit. Let the corresponding near- and
far-ends of the receptor be under open circuit (large resistance). This clearly indi-
cates the dominance of capacitive crosstalk, and the responses at the near-end and
far-end for the sinusoidal source shown in Fig. 27 are shown in Fig. 28. As expected
based on the equivalent circuit corresponding to Fig. 25 assuming V, to be negli-
gible (short circuited) and with first terms neglected on the right-hand side of eqns
(88) and (89), we have similar near-end and far-end responses and the responses
are in phase as shown in Fig. 28.

To demonstrate the near-end and far-end cross talk voltages under the domi-
nance of inductive coupling, consider the following case with regard to the cross-
talk set up shown in Fig. 26. Let the sinusoidal source shown in Fig. 27 be connected
to the emitter. The far-end of the emitter is terminated with 50 Q load to ground
plane. Let the corresponding near- and far-ends of the receptor be terminated with
50 Q load to ground plane. This clearly indicates the dominance of inductive
crosstalk and the responses at the near-end and far-ends for the sinusoidal source
shown in Fig. 27 are shown in Fig. 29. As expected based on the equivalent circuit
corresponding to Fig. 25, assuming /. to be negligible (open circuited) and with
second terms neglected on the right-hand side of eqns (88) and (89), we have
similar near- end and far-end responses and the responses are out of phase by 180°
as shown in Fig. 29.
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Figure 27: Oscillogram of the sinusoidal source connected to the emitter having a
voltage of 20 V peak to peak and frequency of 500 kHz.

Inspecting eqns (88) and (89), we can make the following observations:

1. In general, the voltages due to crosstalk at the near-end and far-end are differ-
ent. It is the inductive component of the crosstalk that is responsible for the
difference.

2. The inductive component of the crosstalk produces opposite polarity voltages
at the near-end and at the far-end. Their magnitudes are also different unless the
impedance are matched (R = Rp).

3. The capacitive component of the crosstalk produces voltages of same polarity
and magnitude at both ends, even if the impedances are not matched!

4. For deriving eqns (88) and (89), we have neglected any series inductance in the
receptor circuit and any shunt capacitance to the reference. However, series
self-inductance and shunt self-capacitance can be neglected only if magnitude
of wL is far less than the terminal loads and if (wC)™! is far greater than the
terminal loads.

The reasons for (2) and (3) above can be found from the equivalent circuit of
Fig. 25. In general, we can consider the capacitive-crosstalk currents of different
magnitudes and same polarity flowing from the centre of the loop to the ends and
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Figure 28: Capacitive crosstalk voltages at the near-end and far-end of the receptor for
the setup shown in Fig. 26 with emitter source voltage given by Fig. 27.

inductive-crosstalk currents of the same magnitude and opposite polarity flowing
from the centre to the ends as indicated in Fig. 30.

If the disturbing circuit has high impedance, the current I, is small and the
capacitive crosstalk becomes dominant. If the disturbing circuit has low imped-
ance, the current /, is large and the inductive crosstalk becomes dominant. The
near-end crosstalk can be a nuisance in the transmission of digital signals, when
the driver and receiver circuits are at the same end of a ribbon cable.

We next discuss the situation when the coupling is not weak but strong. Unfor-
tunately in that case, we cannot perform any simplified mathematical analysis as
before because all the simplifying assumptions made above are not valid anymore
in the strong coupling case and only through simulations or examples we make
some of our observations and conclusions.

4.2 Crosstalk under strong coupling conditions

Usually most of the outdoor practical systems fall into this category, e.g. power
railway, telecommunication systems. We take examples and demonstrate some
influential parameters that are to affect the crosstalk mechanisms. There could
be other mechanisms too but it is indeed a subject of research. The system under
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study is shown in Fig. 31 [33]. In the previous sections, we have seen that the
increase in source pulse frequency increases the crosstalk magnitude. For a given
pulse input (double exponential), we shall see the influence of conductor heights
(Case 1), ground conductivity (Case 2) and loads on the receptor (Case 3) on the
crosstalk phenomena.
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Figure 31: Simulation configuration for crosstalk studies under typical strong cou-
pling conditions (adapted from [33]).

The receptor line was at a horizontal distance of 1 m from the emitter line, but
the height of the receptor line was either 10 m or 0.5 m as the case may be. The
radius of the conductors was 5.6 mm. The line length is 3 km long, which is about
three times longer compared to the injected pulse wavelength. One of the ends of
the emitter is injected with an double exponential impulse source having 0.1 ps
rise time and 50% tail time of the waveform is 50-60 us. The current source for the
sake of demonstration of crosstalk phenomenon was a double exponential wave,
with a peak current of about 1 A. The pulse has a maximum frequency of about
3 MHz calculated from the product 1/xT . . Assuming linearity, the results can
be extrapolated to only peak current with similar wave shape by simple multiplica-
tion. The far-end of the emitter for any of the cases treated here is terminated in its
self-characteristic impedance R; = 490 Q under perfect ground conditions. The
loads at the ends of the receptor line are based on the following situations.

Case 1 (influence of receptor height): simulations are under perfect ground
conditions with: Ry = Ry = 490 Q for receptor at 10 m height case and R =
Ry = 310 Q for receptor at 0.5 m height case.

Case 2 (influence of finitely conducting ground): simulations with ground loss
with: Ry = R = 490 Q for receptor at 10 m height case and the ground con-
ductivity was varied 20, 5 and 0.4 mS/m. The relative permittivity of the earth
was chosen to be 10, which is a reasonable value for most of the types of soil.
Note the simulations are largely dependant on the ground impedance expres-
sion chosen for calculations.

Case 3 (influence of receptor terminal loads): simulations are under perfect ground
conditions for receptor at 10 m height: short circuit loads Ry = R = 1 Q and
then open circuit loads Ry = R, = 1 MQ.

The current distributions are shown at the following points on the receptor:
0 m (near-end load), 750, 1500, 2250 and 3000 m (far-end load). The injected
current has a shape given by eqn (68) with I = 1.0, ¢, = 100 ps, ¢, = 0.02 us.
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Some of the simulations above are taken from [33], which were carried out by
the authors. The height of the receptor, ground conductivity and the receptor
load influence the crosstalk currents. It is often difficult to isolate one influ-
ence from another. As a first approximation, the source is considered to be
vertical current/voltage source connected between the emitter and ground. The
Poynting vector is directed along the emitter conductor and points away from
the source. Since the distance between the receptor and the emitter is very
small compared with the length of the line (3 km), the Poynting vector is
almost along the receptor too.

As discussed in the previous chapter, the interaction of electromagnetic fields
with two lines can be viewed in terms of (a) vertical electric field and the horizon-
tal magnetic field [49] or (b) vertical and horizontal electric fields [50], or (c)
completely in terms of horizontal magnetic fields [51]. The equivalency between
the three approaches has been proven before [52]. When ground is perfectly con-
ducting, there is no horizontal electric field component at ground level. At ground
level, there is a horizontal magnetic field, perpendicular to the plane of the circuit,
and a vertical electric field. At height different from zero, there is also a horizontal
electric field component, which increases in value with the increase in height. This
horizontal field is directed away from the source, in the same direction as the
Poynting vector, and is approximately along the receptor conductor. As the energy
flows away from the source, the influence of horizontal electric field can be mod-
elled as distributed series voltage sources on the receptor [2, 3, 49-52], turned on
in succession as the wave moves along the line from the source end. Alternatively,
one can imagine distributed series voltage sources on the receptor due to changing
magnetic field with the receptor circuit, which are being turned on as the wave
moves along the line from the source end. Decreasing the ground conductivity can
be seen as an increase in the loop area of the receptor because of increased mag-
netic field penetration with decreasing ground conductivity [3]. The influence of
vertical electric field between the receptor conductor and ground can be modelled
as parallel distributed current sources. Decreasing ground conductivity does not
have much influence on these current sources because the penetration of electric
field into finitely conducting ground is small. The use of a fictitious line with dis-
tributed sources for modelling the electromagnetic field interaction was also car-
ried out in [2, 3].

Transmission lines terminated in its surge impedance do not have reflections
from the ends. However, in the case of crosstalk there is reflection from the far-
end of the receptor even though it is terminated in the surge impedance. This is
due to the presence of equivalent series voltage sources. Once turned on these
sources produce currents that travel along with the wave front towards the far-
end and currents that travel opposite to the wave front towards the near-end. The
time varying voltage drop across the far-end load drives a current wave towards
the near-end and this current appears at the near-end as a kind of ‘reflection’
from the far-end, the direction of this reflection current being opposite to that of
the near-end current.
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4.2.1 Case 1: influence of receptor height

The simulations for current distribution on the receptor at two different heights
are shown in Fig. 32. It is seen that when the receptor is close to the emitter, i.e.
10 m height the induced currents are comparatively larger than when the receptor
is close to the ground at 0.5 m. The magnitudes of induced currents are somewhat
proportional to the conductor height. For this case, the ratio of conductor heights is
20 (10 +0.5) and the same ratio is seen for the induced currents (=200 mA + 10 mA).
The shape of the currents at the far-end loads, in either case, is different from the
current distribution at other points on the receptor line clearly due to the mismatch
of the far-end load. It also appears that the shape of the current is somewhat like
the derivative of the injected pulse. The ratio of the far-end currents do not fol-
low any ratio corresponding to the conductor heights. Note that we cannot talk
in general about matching the line ends by surge impedances to avoid reflections
because we are not terminating the lines’ mutual impedance. It is also seen that
the induced currents shown here are within 12 ps windows. There could be reflec-
tions from the far-end loads at the later times which may not follow the above said
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Figure 32: Crosstalk currents for receptor at 10 m (top window) and 0.5 m (bottom
window), with perfect ground conditions.



72 ELECTROMAGNETIC FIELD INTERACTION WITH TRANSMISSION LINES

height ratio. Also note that if the line lengths are increased, the crosstalk currents
would increase owing to the fact that the number of distributed voltage and current
sources corresponding to the inductive and capacitive crosstalk would increase.
Next, let us study the influence of finitely conducting ground on the induced cur-
rents on the receptor.

4.2.2 Case 2: influence of finitely conducting ground

The simulations for this case are shown in Fig. 33. In general the finitely conduct-
ing ground increases the crosstalk currents. When ground conductivity is infinite,
there is no magnetic field penetration into the ground and the return current is
along the surface of the ground. When the ground conductivity is reduced, there
will be field penetration into ground and the penetration depth is more for low
frequency than high-frequency components. With decreasing ground conductivity
there is stronger magnetic field coupling between the emitter and receptor cir-
cuit because the per unit length area of the circuit is now larger. The frequency-
dependent penetration of magnetic field into ground and the resultant losses in the
ground causes distortion (rise time change) and attenuation (amplitude change)
of the travelling current waves between the far-end and near-end. Distortion and
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Figure 33: Crosstalk currents for receptor height 10 m, with ground conductivities
20, 5 and 0.4 mS/m and ground relative permittivity of 10.
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attenuation increases with the number of times the wave travels back and forth
between far- and near-ends. The phase velocities of the wave under the ground
surface and in the air above ground are different. Generally waves below ground
travel slower than speed of light.

4.2.3 Case 3: influence of receptor terminal loads

The simulations for this case are shown in Fig. 34. It is common, that in various
systems when the loads are not line surge impedance. There could be also faults
that could lead to situations of open circuit or short circuit loads. For this reason,
we shall see some examples here with these two load conditions. Some general
conclusions are that if the loads are short circuited, there is dominance of inductive
crosstalk. Similarly under open circuit conditions capacitive crosstalk dominates.
As can be seen from Fig. 34, the induced currents have increased under short
circuit conditions compared with the case of surge impedance terminations (see
top window of Fig. 34 and top window of Fig. 32). Under open circuit conditions
currents have decreased considerably compared with the case of surge imped-
ance termination (see bottom window of Fig. 34 and top window of Fig. 32).
The crosstalk currents at the receptor loads can be viewed as the sum of currents
produced by the distributed series voltage sources and distributed parallel current
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Figure 34: Comparison of crosstalk currents on the receptor when receptor is ter-
minated in short circuit loads of 1 Q (top window) and open circuit
loads 1 MQ (bottom window) for perfect ground conditions.
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sources on the receptor. With short circuit at the ends, the series voltage sources
can drive large currents through the ends. This is the reason why we have larger
current distribution on the receptor line under short circuit conditions. When the
receptor is terminated in high impedance (open circuit), the series voltage source
cannot drive much of a current, while there is no substantial difference in the cur-
rent driven through the loads by the vertical electric field coupling. This is the
reason why we see lesser currents at the near- and far-end loads. For other loads
between open circuit and short circuit, the currents produced by the magnetic field
add up with the current produced by the vertical electric field in the near-end load
and subtract in the far-end load. As mentioned earlier, the concept of impedance
matching to avoid reflections is not valid for circuit containing distributed time
varying sources, as in the case of receptor circuit.

5 Concluding remarks

In this chapter, we have seen various factors that could influence the pulse prop-
agation in above ground wires. We have discussed in some detail the internal
impedance, external impedance and external admittance parameters necessary for
the analysis of wave propagation on above ground wires based on transmission
line solutions. Simple and valid expressions for impedance and admittance param-
eters are also discussed for computationally efficient solutions. It is found that the
ground impedance (ground loss) is more dominant than the internal impedance
(skin effect loss) and also the ground admittance for the typical above ground
wires could be neglected in the wave propagation studies. Two methods for numer-
ical solutions of transmission line equations based on time and frequency domain
are presented. The FDTD method for solving transmission line equations with
frequency dependant internal (skin effect) and external (ground) losses with recur-
sive convolutions is presented. This is computationally efficient for solving wave
propagation problems in large distributed systems like power or railway systems.
The factors influencing the crosstalk mechanisms with above ground wires under
various coupling conditions are also presented.
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CHAPTER 3

Surge propagation in multiconductor
transmission lines below ground

Nelson Theethayi & Rajeev Thottappillil
Division for Electricity, Uppsala University, Uppsala, Sweden.

Abstract

Surge propagation in underground systems has been a subject of interest for many
power and telecommunication engineers. Any typical buried electrical installa-
tion involves cables (power or telecommunication) and grounding systems. The
cables could have multiple shields and multiconductor configuration for the core
with either twisted or non-twisted conductors. The grounding conductor system
could have counterpoise, rods, grids, etc. Interestingly, all these conductor sys-
tems could be modelled as multiconductor transmission line (MTL) systems for
the wave propagation studies. In this chapter, we shall see how they can be mod-
elled for transmission line analysis using the Telegrapher’s equations as discussed
in Chapters 1 and 2. A brief discussion on crosstalk mechanisms will also be
given, even though the analysis for crosstalk in MTL systems is similar to that in
Chapter 2.

1 Introduction

Before we begin this chapter, it is good to visualize some practical problems
that constitute a buried conductor system. In power and railway systems, we
have cables used for bulk power transmission and signalling/telecommunica-
tion purposes. Every high-voltage power transmission tower has a long running
counterpoise wire [1, 2] in the ground connected to the foot of the tower. The
main purpose is to divert the lightning stroke current directly to the counter-
poise wire. This is particularly important when the potential at the tower top
or at the footing is of interest. Moreover, in the substation, there are complex
grounding systems, which include counterpoise wires, buried rods and buried
grids/meshes. To get a broader insight into the problem, let us take an example
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of a communication system. Lightning strike to communication towers is a
usual phenomenon [3]. A schematic diagram showing most of buried conductor
systems connected to a communication tower in a communication tower complex
is shown in Fig. 1 [3].

In Fig. 1, the tower foundation and building foundation are connected to their
respective ring conductors. The ring conductors are provided primarily to mini-
mize the danger of step voltage [4]. Besides, the ring conductor relieves the electri-
cal stress at the tower foundation reducing chances of damage to the foundation.
The earth conductor between the tower and building ring conductors prevents
ground surface arcs between tower and building, and reduces lightning currents
carried by cable shields by sharing a part of it. The follow-on earth conductor takes
a part of the lightning current away from the service cables. The radial conductors
around the tower are for reducing the percentage of lightning current dispatched to
the building via the tower cables and earth conductors. The radial conductors are
beneficial only if it can substantially reduce the lightning currents dispatched to
the building, especially if the distance between the tower and building is long. The
length and design of the radial conductors are to be governed by economy and its
efficiency in dissipating lightning currents into the bulk earth. How do we analyse
those buried conductor or grounding systems in the event when lightning or switch-
ing fault currents are diverted to them? This could benefit in the design of protec-
tion and grounding systems. This chapter will discuss as to how to use transmission
line concepts to such problems but, of course, under the limits of transmission line
approximations as discussed in Chapter 2.

Radial conductors

ower cables

N ot
r Building
: / \ng
Earth

conductor

conductor

Follow eai't

conductor

Ring conductor

Service cables

Figure 1: Schematic diagram of grounding conductors considering the tower and
building as separate units (not to scale), adapted from [3].
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2 Telegrapher’s or transmission line equations for the
buried wires

Underground wires can be either bare (counterpoise — representative of grounding
conductors) or insulated (representative of cable shields or unshielded cables). We
shall come to the analysis of coupling through shields later. Hence, one has two
different systems for study as shown in Fig. 2.

In addition to ground conductivity and ground permittivity, there is also insulation
permittivity for the insulated cables. The soil is characterized by its conductivity
and permittivity. For insulated wires, we have insulation permittivity additionally.
The corresponding per unit length transmission line representation of the above
system is shown in Fig. 3 [5-9] and the relevant equations are shown below. For
bare conductor,

dV(x,jw) .
T’ = ~Z g I(x,jo) (1a)

di(x, jo) .
TJ = Y, V(x, jo) (1b)

For insulated conductors,
dv
WD) _ (ool + 2 )I(x, joo) (22)
dx
di(x,j CY
M:—jw ——|V(x, jw) (2b)
dx joC +
L=t (2) (3a)
2n a
Air, . & Air, g, %
g g Yy 7 7 raa
Soil, o, po. & T‘l Soil, o, u.. c, I,
Conductor of
Conduttor of radius ‘a’
radius ‘a’ Insultion of
thickness ‘b~a’ and
Permittivity €,
Bare Conductor Insulated Conductor

Figure 2: Bare and insulated conductor systems in the soil under study.
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I(x) T(x+dx) 1(x) I(x+dx)
S e — —
| Z‘dx | oL Z d‘h‘ -
Y,d Jac
V(x) s Vix+dx) Vi) V(x+dx)
Ygdx
* dx > - dx >
Bare Conductor Insulated Conductor

Figure 3: Per unit length transmission line representation for bare and insulated
conductor systems in the soil under study.

_ 2me;, (3b)
In(b/a)

The transmission line equations presented here can be extended to the multicon-
ductor transmission line (MTL) system of several buried cables or grounding wires
similar to the discussions in Chapter 2. In eqns (1) and (2), V and [ are the voltage
and currents, respectively. In eqn (1), Zgb and Y, o Are the ground impedance and
ground admittance of the bare conductor(s). In eqn (2), Z o and Y o are the ground
impedance and admittance of the insulated conductor(s). Hence, in discussions to
follow for ground impedance and ground admittance for buried wires, we define
Zgu and Y, . for ground impedance and admittance, respectively, and the subscript
‘u’ is either ‘b’ or ‘i’, as the case may be, for bare or insulated wires. In eqn (2), L
and C are the insulation inductance and capacitance, respectively [5], calculated
using eqn (3). Lightning first return stroke or switching transients have frequency
components ranging from a few tens to a few hundreds of kilohertz and subse-
quent lightning return strokes could have frequencies up to a few megahertz [10,
11]. For this reason, we shall investigate the ground impedance behaviour up to
10 MHz, beyond which the validity of transmission line approximation for buried
wires could be questionable and will be discussed later.

The current wave equation for insulated wires can be written in a convenient
form as in eqn (4) so that the total shunt element, i.e. series combination of insula-
tion capacitance jooC and Y .in Fig. 3 can be transformed to a parallel combination
of insulation capacitance and modified ground admittance, i.e. joC || Y , which is
comparable with above-ground wires’ transmission line equations as d1scussed in
Chapter 2, and researchers like [12] have adopted this.

A& JO) __(oC +¥E W, joo (4a)
dx
p_ —(joC)’

.= 4b
g joC+Yy, ()
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2.1 Ground impedance for buried wires

In the analysis below, let us assume the radius of the wire as R ;. If the bare wire is
in the analysis, then R,=a else R, = b, the outer radius of the insulated wire, and
the depth of the wire is d. Several researchers have contributed to the development
of ground impedance expression for buried wires. The ground impedance expression
for buried wires was developed first by Pollaczek [13] in 1926, as shown in eqn (5),
which is a low-frequency approximation (similar to that in Chapter 2) in the sense
that it can only be used when frequency of incident pulse satisfies @ << ag/sg.

Ko(Rab\/jwﬂoUg )

1 2 2 .
Zgollaczek _ 1620”0 _K() "Rab +4d° -, I](,(),LtOO'g ) 5)
T
e—2d1 [u? +jwp,o,

+oo .
+J ce/ R dy

MIEN + jop,o,

Because of the low-frequency approximation one can see that eqn (5) does not include
the permittivity of the ground. All limitations associated with Carson’s ground imped-
ance as explained in Chapter 2 for above-ground wires are applicable to Pollaczek’s
ground impedance expression for buried wires as well. Saad et al. [14] have analyti-
cally showed that an excellent approximation for eqn (5) is given by eqn (6).

K() (Rab \[ jwﬂoag )+
2 . e—z-dm (6)

ZSaadelal. — jw:uO
& 2r —
4+ Ry, (jopyo,)

Observe that if the infinite integral, e.g. in eqn (5), is eliminated, then those expres-
sions without infinite integrals we shall here refer to as closed form approxima-
tions. Wedepohl and Wilcox [15] and Dommel [16, 17] (who presents expressions
of A. Semlyen and A. Ametani) have proposed their own closed form ground
impedance expressions, and Saad et al. [14] have shown that those expressions are
more or less identical to eqn (6) when numerical calculations were compared.
For a wide range of frequencies, as long as the transmission line approximation
is valid, Sunde [6] has derived the ground impedance expression as given by eqn
(7). It is similar to eqn (5), but the only difference is that full propagation constant

of the soil was used in eqn (7).
Ky(Ry7,)— K, (yg\/be +4d* )

zSumde _ IO iy %
& 27 = € ’
+2J- —————-cos(uR,,)-du

0 U’ +7;
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The integral term in eqn (7) converges slowly leading to longer computation times
and possible truncation errors as the frequency is increased. Further, it was found that
the first two Bessel terms in eqn (7) are oscillatory, when frequency is high. However,
one can say Sunde’s expression for ground impedance is more valid than Pollaczek’s
ground impedance expression in the sense that it uses the full expressions for propa-
gation constant. Recently, Bridges [8], Wait [9] and Chen [18] have independently
proposed more complex ground impedance expressions derived from rigorous electro-
magnetic theory, and in [8, 18] closed form logarithmic approximations for transmis-
sion line solution have been proposed. The authors found that even those expressions
in appearance, though simple, are oscillatory (perhaps numerical convergence prob-
lems) at high frequency, hence not discussed here as it needs further investigation.
Bridges [8] mentions that his complete expression for ground impedance has two
modes, namely transmission line modes and radiation/and surface wave modes.
Moreover, the solution of his ground impedance expressions is based on complex
integration theory and adds that pole term in his expression corresponds to trans-
mission line mode and the branch cut corresponds to radiation/and surface wave
modes [8]. Thus, under the transmission line modes, it can be shown that Bridges’s
expression is identical to Sunde’s expression. Further, Wait [9] proposed a quasi-
static approximation (under transmission line modes) and is given by eqn (8).

ZWit Z IO g gy 2112 (8a)
& 21 ’CRab
e = \Jegtge” — jorgo, (8b)
¢ =2jrd (8c)
1 2 2 ;
=——| K, ©)+—K () ——A+¢g)e™ (8d)
KO(JKRab)|: ’ ¢ ¢’ :|

Vance [7] proposed one of the simplest closed form approximations for eqn (7)
given by eqn (9), where Henkel functions are used instead of Bessel’s functions.

Vance __ ,UOCO H(l) (jRabyg)
¢ 21R)e Hi(jRy,)

©)

Petrache et al. [12] have proposed a logarithmic approximation as shown in eqn
(10) for the ground impedance and also claim that it’s the simplest expressions for
the ground impedance.

1 1 R

Jou, +7 b

Zéog 0 In g a (10)
2n ygl ?ab

It can be seen in eqns (9) and (10) the depth of the wire is missing. Models that
neglect air—earth interface [7] are known as infinite earth models. Wait [9] has
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Note that, in all the expressions above for the mutual impedance between the wires

R, needs to be replaced by horizontal distance between the buried wires and d by

average depth [15].

21

SURGE PROPAGATION IN MULTICONDUCTOR TRANSMISSION LINES
Log-Exp _ J WUy
o =

Theethayi et al. [19] proposed a modified empirical logarithmic-exponential
V4

approximation (11), which is similar to eqn (9) but with an extra term accounting

tion, it was found that neglecting the wire depth might not be a good approxima-
tion for higher frequencies typical for lightning. Moreover, it was found that for
for wire depth taken from Saad et al. expression (6).

Figures 4 and 5 show the comparison of various ground impedance expressions
and the deviations between expressions can be seen clearly both in amplitude and
argument responses. The example is a wire of radius 2 cm and a depth of 0.5 m.

any combination of ground material property, the logarithmic approximation (10)

and Vance’s approximation (9) for the ground impedance are identical.
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Figure 4: Amplitude, |Z g/jcul for comparing eqns (6)—(11): ground conductivity is
O, = 1 mS/m and by = 10.



86  ELECTROMAGNETIC FIELD INTERACTION WITH TRANSMISSION LINES
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Figure 5: Argument (radians), Z(Z g/ja)) for comparing eqns (6)—(10): ground con-
ductivity is o, = 10 and 0.1 mS/m and by = 10.

The consequence of missing depth term in logarithmic expression can be seen in
the amplitude, and the consequence of low-frequency approximation in argument
response. It can be seen that empirical logarithmic-exponential approximation has
some agreement with either Sunde’s or Wait’s expression.

2.1.1 Asymptotic analysis

Now let us see the asymptotic behaviour of the ground impedance for buried wires
as frequency tends to infinity (even though such an approach is questionable under
transmission line limits). For using the time domain analysis, it is necessary to
know the value of the ground impedance at ¢ = 0. It is thus necessary to confirm if
at all the ground impedance pose any singularity as the frequency tends to infin-
ity. Similar to overhead wires, as discussed in Chapter 2, the ground impedance
in time domain is referred to as transient ground impedance [5, 10], given by
inverse Fourier or Laplace transform as, {(f) = F![Z /]w] The value at t = 0 can
be obtained by initial value theorem as th (t)— hm Z Vance’s expression (9)
can be rewritten as eqn (12). = o

Vance — /uojw JO(jRabyg)+jY0(jRabyg) _ ,uoja)
£ 2Ry, | LRI+ N R | 2R D

r 12)



SURGE PROPAGATION IN MULTICONDUCTOR TRANSMISSION LINES 87

Simplifying eqn (12), we obtain eqn (13) and using the asymptotic expansions

given in [20] it can be shown that lim I" — j.
w—>o0

ZYme ﬂf)jw F:ﬂ—o‘ J'CU. r (13)
2Ry,  2m\ o (0, + jok,)

Thus, under the asymptotic conditions, it can be shown that eqn (13) tends to eqn
(14) as frequency approaches infinity. The same is applicable with the logarithmic
expression (10). Further, in the empirical expression, as frequency tends to infinity
the exponential part approaches zero.

lim ZY® =(LJ B (14)
2Ry, )\ €,

W—>o0
A similar expression to eqn (14) has been obtained in Chapter 2 for the over-
head wires, the only difference was that in eqn (14) the radius of the conductor
R, is to be replaced by the height of the conductor above ground. For wire of
radius 2 cm at a depth of 0.5 m, the asymptotic value of ground impedance is
948 Q/m. The important dimension here is the outer diameter of the conductor.
Equation (14) is also applicable for a tubular conductor or for the shield of a
cable in contact with the ground. Clearly, a singularity would appear if ground
impedance expression corresponding to the low-frequency approximation was
used.

2.2 Ground admittance for buried wires

Once we have the ground impedance, it is simple to get the ground admittance
term. Vance [7] suggests that ground impedance and ground admittance are related
to each other approximately by the propagation constant as in eqn (15). This
approximation is valid in the sense that most of the currents return with in the soil
because of which the ratio of electric to magnetic fields in the ground should be
associated with intrinsic impedance of the soil as discussed in Chapter 2.

y, =2& (15)

For a wire of radius 2 cm at a depth of 0.5 m, Figs 6 and 7 show both ground
impedance and admittance amplitudes and arguments, respectively. The ground
admittance appears to be more sensitive to ground conductivity than ground imped-
ance. This is unlike overhead wires where the ground impedance is very sensitive
to ground conductivity, as discussed in Chapter 2. The interesting feature is that
even though the ground impedance has asymptotic value at a very high frequency,
the ground admittance monotonically increases and tends to infinity as the
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=10.

g

depth and ¢

lim Y, = oo Thus it is clear that surge or characteris-

W—>oe
buried bare wire will tend to zero at a very high fre-

i.e.

tic impedance VZ/Y of the

]

frequency is increased

quency, unlike overhead wires where it tends to a constant value. For buried

the insulation permittivity additionally modifies the behaviour of

total series impedance and shunt admittance of the wire. The modified ground
admittance for insulated cables in eqn (4b) has an asymptotic value given by eqn

s

insulated cables

(17) as the frequency tends to infinity even though the ground admittance of bare
wire tends to infinity. The following arguments support this statement. Petrache et

al. [12] have also obtained similar expression as eqn (17). A reason why the total
shunt admittance in the current wave equation (2b) tends to infinity as the fre-

tends to

gi

Y

quency tends to infinity is that because the ground admittance term

infinity as frequency tends to infinity.

©
OGg
5§
+
N S| 8
(] ~
&} =
+
)
|
I}
o
.



SURGE PROPAGATION IN MULTICONDUCTOR TRANSMISSION LINES 89

2 . LI . LI . .

16 i bbb R |
T 14t :
£ £ fee b :
o Ty teniee i
o) B ] '
™, I Y H
g e s i
@ I R H
E 08f--it-tidmio et :
i S L2 L2 i
< ggH — Z9-1e-2Sim i . :
weeeen YQ - 16-28/m |k :
o4ll — Zg-1e-3Sim |fiiii... :
"""" Yg- 1e-3Sim |ii :
02} Zg- 1e-4Sim jidt.--- ¥
. YQ- 18-4S/m  pistieerei =
0 T | o | H

3 104

Frequency (Hz)

10

Figure 7: Ground impedance and admittance argument response for various ground
conductivities for a bare wire of radius 2 cm, buried at 0.5 m depth and
e =10.

rg

2
fim v? — | 2% L) (17)
In(b/a) | 2mbpye, \ &,

Transient simulation packages like Electromagnetic Transients Program (EMTP)
[16, 21] ignores ground admittance and uses low-frequency approximation of ground
impedance, i.e. neglects ground permittivity for underground cables. For bare wires,
one cannot ignore ground admittance at all that is the reason why there are not any
models for counterpoises etc., unlike line and cable models in EMTP [16, 21]. The
inadequacies of low-frequency approximations for ground impedance have been dis-
cussed in the earlier section and also in Chapter 2. To illustrate the importance of ground
admittance, let us consider two cases for an insulated wire corresponding to cable trans-
mission line representation shown in Fig. 3. Case 1 is with ground admittance and Case
2 without ground admittance, i.e. Y, — oo. The line propagation constant for Cases 1
and 2 are given by eqns (18) and (19), respectively in Laplace domain s < jo.
1/2
sCY,

N =|(GL+Zy) ﬁ (18)
gi
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19)

yy = [(sL +Z, )sc]”2

Observe that when Y . — oo, then y, — 7,. The system that is being considered is
an insulated cable buried at a depth of 0.5 m and having a radius of 2 cm and an

insulation thickness of 2 mm. The ground conductivity is 1 mS/m, and the ground
relative permittivity is 10, and the insulation relative permittivity is either 2 or 5.

The ratio of attenuation factors for Cases 1 and 2

a,/a,, and the velocity ratio of

]

the angu-

where m is

>

(note velocity is obtained by the ratio w/f
lar frequency and f5 is the phase constant calculated independently, which further

is the imaginary part of y) are shown in Figs 8 and 9, respectively.

propagation v, /v,

It can be seen from Fig. 8 that the attenuation per meter for Cases 1 and 2 is
same only at 100 Hz, and beyond that frequency, attenuation for Case 1 is a few

times higher than Case 2. Situation is worse when the insulation permittivity is
higher. Incorrect attenuation of currents at various points would predict incorrect

rise times for propagating pulses.
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Figure 9: Velocity ratio for Case 1 (Y. o included) and Case 2 (Y, o neglected) for a

wire of radius 2 cm, insulation thickness of 2 mm and buried at 0.5 m

depth, &g =20r5, g, = 1 mS/m and by = 10.

Now consider the velocity ratio as shown in Fig. 9. The velocity of propagating
waves is same for Cases 1 and 2 only until 10 kHz. Beyond this point, again, the
velocity ratio is increasing, that is underestimation of velocity when ground admit-
tance is neglected. Situation is worse when the insulation permittivity is higher.

Velocity of waves propagating in Case 2 is much slower than Case 1. The conse-

quence of different velocities between Cases 1 and 2 will result different time delays.

Case 2 is certain to predict incorrect velocities. Changing velocity with frequency

will cause dispersion in the propagating waves.

For the above problem, Theethayi

et al. [19] have shown the difference in the attenuations and velocities clearly with
time domain simulations as well for a typical pulse propagation problem.
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buried wires

The discussions until now are the analysis based on the transmission line theory.

Some discussion on the limits of transmission line approximation was made in
Chapter 2. A critical reader may wonder as to what the limit of transmission line

approximation is for the buried system as well. For this, we shall use the same
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philosophies that were used for overhead wires, i.e. using the concept of penetra-
tion depth. Assume the wire is buried at a depth of d meters. The penetration
depth at which the currents return in the soil can be calculated using the expres-
sion given in Chapter 2 and are shown in Fig. 10 (solid lines) for ground relative
permittivity of 10. It should be remembered that the discussion here is applicable
for infinite earth model. So if one considers the infinite depth models, the penetra-
tion depth is defined not from the surface of the ground but from the surface of the
wire because of the axis-symmetric nature of the problem, unlike overhead wires
where the depth was measured from the surface of the ground.

For a wire located at a certain depth in the soil, the currents have a return path
only in the soil but at various depths depending upon the frequency of the pulse
propagating in the wire. Generally, underground wire type systems in the soil will
not be at a depth more than 1 or 2 m. As shown in Chapter 2, the penetration depth
attains asymptotic value when the frequency is sufficiently high, which then
becomes independent of frequency and is only dependant on the material proper-
ties of the soil. Further, the maximum velocity of the waves propagating in the soil
is determined by its permittivity [7], i.e. v =3x 108/\/?;. The velocity of the

gmax

10 3 1 I 1
3 — Depth for gnd. conductivity 1e-25/m
- Wayelength for gnd. conductivity 1e-2S/m

10° n —— Depth for gnd. conductivity 1e-3S/m
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Figure 10: Penetration depth at which the currents return in the soil for buried
wires and wavelength in the soil for by = 10 and for various ground
conductivities.
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wave propagating in the soil is a function of frequency as given by eqn (20) and the

wavelength in the soil at any frequency is given by 4 apulse = 2m)g/co.

1
Jag;" (./1+(ag/wgg)2 +1)

Similar to overhead wires, for underground wires, one can impose a condition that
the currents should return at a plane measured from the surface of the wire in the
soil at depths smaller than the wavelength in soil, i.e. )»gpulse > 5g. The condition
> is used instead of >>, because most of the return current is in the soil and the
air-earth interface is neglected due to the infinite earth model. Figure 10 shows
the crossover points where the penetration depth (solid lines) equals the wave-
length (dashed lines) in the soil for ground relative permittivity of 10. Mathemati-
cally, this limit occurs at a frequency approximately given by eqn (21). This limit
is possibly the limit for transmission line approximation, because if the incident
pulse has frequencies beyond this limiting frequency, clearly, the transmission line
approximation is questionable as discussed in Chapter 2 for overhead wires.

.=

(20)

10,3 X 10°)°
SrLtimic = ) 21
\/erg (650 + Ho2g[ 213 X 109)7)

4 Coupling to cable core through cable shields

Having seen how the external impedance and admittance for the buried insulated
and bare wires influence the externally induced voltages and currents, we now
move on to yet another interesting area of how induced voltages are developed in
the inner core conductors within the cable, particularly the shielded cables. This
is mainly attributed to the fact that fields due to currents in cable shields not only
couples the external environment of the cable, i.e. shield—soil insulation medium
and insulation—soil medium, but also to the internal conductors of the cable (core)
due to shield imperfections. The word imperfections mean that the shield is not
a perfect conductor and it could be leaky due to cavities/apertures as in braided
shields [5, 7]. To understand the phenomenon of coupling to cable core, one needs
to know which parameter of the shield contributes to the coupling phenomenon
between the shield and internal conductors. One could have multiple cable shields.
Sometimes the outermost one facing the soil is known as armour.

To describe the various parts of multiple shield cables and the twisted pair inner
core conductors, we take the example of a typical telecommunication cable used
by the Swedish Railways (Banverket) for its telecommunication and signalling
applications, as shown in Fig. 11. The outermost metallic tubular/cylindrical con-
ductor is called the armour and the inner metallic tubular/cylindrical conductor is
called the shield. Electromagnetic compatibility and power engineers interchange
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Inner Shield

Figure 11: A typical telecommunication cable used by the Swedish railways for
signalling and telecommunication applications.

the words between armour and outermost shield. Perhaps, for them, armour serves
as a mechanical protection for the cable as such. In the coming sections, let us
investigate whether an MTL can be derived for multiple shield and multiple core
conductors for the transient analysis based on transmission line analysis.

To understand the coupling phenomenon between the tubular/cylindrical con-
ductors and the internal conductors, let us start with the concept of transfer imped-
ance [5, 7, 22] and later develop expressions for those phenomena in terms of what
are known as tube impedances, first introduced by Schelkunoff [22] and later
applied by Wedepohl and Wilcox [15]. We extended the analysis of single core
cables proposed in [15] to multicore cables, with a view to applying transient
analysis of cables with complex internal conductor system. The analysis is based
on tubular shields, because it is reasonable to represent the armour and shield of
the telecommunication or power cables for frequencies up to several hundreds of
kHz as a solid tube. The leakage effects, in authors’ opinion, due to tube apertures
and imperfections are predominant only at high frequencies beyond 1 MHz. Under
such circumstances, no generalized expressions exist for tube impedances with
imperfections and they have to be determined either through experiments or exten-
sive theory. A simple/approximate method for determining the capacitance matrix
by bridge method is shown and is particularly useful for twisted pair cables appli-
cable to most of the telecommunication cables.
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4.1 Generalized double shield three-core cable

The discussion presented here is a generalization for a multiconductor arrange-
ment of the cable. By using the analogy presented here, one can apply the same
to any practical arrangement of the cables. Let us take the following examples:
(a) an RG-58 cable that has single core and braided shield — a discussion on
the concept of transfer impedance [5, 7] and its experimental determination are
presented; (b) three conductor power cables that have a similar shield as that
of RG-58 cable. In the authors’ opinion, the analysis of coupling mechanism
between the shield and inner conductor as proposed by Vance [7] is valid only
for a particular terminal condition. In Vance’s method, when the inner conductor
circuit does not carry any appreciable current, the coupling mechanism between
the shield and the inner circuit, due to current in the shield, is represented by
distributed series voltage sources in the transmission line formed by the inner
circuit. This allows us to eliminate the shield circuit and simplify the problem
only to a transmission line due to inner circuit. This, in general, is not true for
any arbitrary terminal conditions at the near and far ends of the shield and inner
conductor/circuit. On the other hand, the analysis presented in the discussions to
follow is valid for any arbitrary terminal conditions on either the shield or inner
core conductors of the cable.

4.1.1 Telegrapher’s equations for shielded cables

Consider a cable cut away view as shown in Fig. 12, which shows a three-core
cable arrangement. It has two shields, solid tubular/cylindrical with annular cross-
section. Let the core conductors carry currents /,, [, and 1;. The currents through

Inner Insulation

Armor Insulation

Armor._

Conductor 2
Conductor 3~

\

Figure 12: Generalized three-conductor cable arrangement for studying the cou-
pling between the shields and internal conductors.
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the shield and the armour are marked as /, and /. In all the cases, let us assume
that the external inductance and capacitance matrices are known with the shield as
the reference for Fig. 12.

In eqn (22), the voltages V,, V,, V,, V, and V; are written in differential form
between inner conductors (cores) and the shield, between the shield and the armour
and the armour to remote reference, respectively. These voltages are also referred
to as loop voltages [15, 16]. The voltages like V. V5 ..o Vacorer Venietd 309 Varmour
are that of the conductors with respect to remote reference [15, 16]. These voltages
are later useful for a transformation by which one can find voltages on any conduc-

tor with respect to any given/specified reference.

Vi = Vicore = Vanield (22a)
V2 = Vacore = Vel (22b)
V3 = Vicore = Vehield (22¢)
V4 = Vihietd ~ Varmour (22d)

Vs = Varmour (22¢)

The voltage wave equations based on the loop voltages are given by eqn (23).

av

— = ZLL+ZL 1L, + Z 0+ Z), 1, + Zs1 (23a)
_% = Z4 1, + Zio Ly + Zil + Zhy Ly + Zis s (23b)
_% =Z5 0+ Zinly + Zi s + Z3, 0, + Zisl s (230)
—% =Zidy + Ziply + Zigly + Ziyl, + Zis] s (23d)
_% =Z40 + Z 1, + Zi 15 + Zi, 1, + ZEsI (23e)

Since loop voltages are adopted, the currents in eqn (23) are referred to as loop cur-
rents 1, I,, I, 1, and I,. These loop currents are related to the core currents [, .,

Ly orer Ioores Shi€ld current £, and armour current [, as shown in eqn (24).

11 = [lcore (248.)
12 = IZcore (24b)
13 = IScore (240)
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Iy = Liera + Licore + Docore + 13core (24d)

Is = Lymour + Lahietd + Licore + acore + I3core (24e)

AR A NS AR ARSAL @250)
—%=Y2'1V1 + Vs +Y53Va + Y5,V + Y55V (25b)
—% =YLV, + YLV, + YLV, + YLV, +YiVs (25¢)
—% =YV + YLV +Y5Vs + YV, +Y/Vs (25d)
_%= YLV, + Y4V, + Y4V, + YLV, +YVs (25¢)

The relationship between the conductor currents and loop currents also helps in
the transformation by which telegrapher’s equations become in the form similar to
MTL systems, as discussed earlier. Now each parameter in the impedance matrix
Z'in eqn (23) is a combination of series loop impedances in terms of internal and
external impedances. Similarly, each admittance term in Y’ in eqn (25) is a com-
bination of external and mutual admittance terms forming the loop admittances.
These are discussed in Section 4.1.2.

4.1.2 Transmission line impedance and admittance parameters for

shielded cables
Our aim is to arrive at the MTL equations of the form eqn (26) after simplifying
eqns (22) and (24) using eqns (25) and (23).

Vicore [ icore
d V2core 1 2core
—a Vieore |= [Z] Ly ge X (26a)
Vshield 1 shield
,Varmour B »Iarmour A
[Teoe | [Vieore ]
d 1 2core V2core
~ | Breore =1 Vi (26b)
1 shield Vshield
_I armour _| _Varmour _
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The impedance parameters of eqn (23) are defined in eqn (27).

Z{, = Z; + joLy; + Zgieq.in (272)

Zjy =73 = joLi + Zgpiegin (27b)

Zy =Z; + joLy + Zgpieq.in (27¢)

Zjy =73 = joLiz + Zgyieg-in (27d)

Zyy =73 = joLy + Zgpieg.in (27e)

Z33 =Z;+ joLyy + Zgpieg.in (271)

Ziy =25 =25 =24y = Zjp = Zi3 = ~Zgpierd-munal (27¢)
Z44 = Zspictd-out + Zshield-Armour-insulation + Z Armour-in (27h)
Zis=2i5=235 =25 =25, =253 =0 (271)

Z4s = Z54 = ~Z ymmour-mutual (27j)

Z3s = Z nrmour-out T Z Armour-Earth-insulation + Zg (27k)

The admittance parameters of eqn (25) are given by eqn (28). Many of the mutual
admittance terms are null as shown in eqn (28b), this assumption may not be valid
at very high frequencies.

on, Y Ch Cnp Gy
L Y Yi|=jo|C Gy Cyh (28a)
noY, Y G G Gy

Vy=Y5=Y,=Ys=Y; =Y5=0

’r ’ ’r ’r ’r ’r

Y41 _YSI _Y42 _YSZ _Y43 _Y53 =0 (28b)
r _ vy’ _

Y, 45 — Y, 54 — 0
’ .

Y44 =J wCSheath-Armour—insulation—capacitance (28C)

;o

YSS - -]wCArmour-Earlh—insulation-capacitance ” Yg (28d)

Ineqn (27), Z, is the internal impedance of the conductors, which is a consequence
of skin effect phenomena of the core conductors as discussed in Chapter 2. There
are some impedance terms in addition to external inductance (discussed later)
of the internal conductors in eqn (27). Those impedances, excluding the internal
impedances, are the ones that contribute to the coupling between the shield and
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inner conductors and the shield and the armour. Let us discuss them in some detail
in a while. Insulation capacitance and inductance calculations were explained ear-
lier, i.e. using eqn (3). The ground impedance and ground admittance terms appear
in eqns (27k) and (28d), which has been discussed in the earlier sections.

If [L];,, and [C],, 4 are the inductance and the capacitance matrix of the core
conductors with respect to the shield, then for arbitrarily located untwisted con-
ductors inside the shield as shown in Fig. 13 (adapted from Paul’s book [23]),
those parameters for the core conductors are given by eqns (29) and (30), respec-
tively, in the same notations as discussed by Paul [23].

2
Lg, rr 25_0111 2GR (29a)
T ’su’wG,R

Loy = Ho o dy (dgdy )2 .2|. 1y — 2dgdy 15y c0s (Ogr ) (29)
2 |\ isu\ (dgdg ) +dg —2dgdy cos (Ogg )

For the capacitance matrix as explained in Chapter 2, we first estimate the poten-
tial coefficient matrix, then invert the potential coefficient matrix similar to the
above-ground wires. Note that in eqns (30a) and (30b) the permittivity of the insu-
lation medium is used.

Shield

Figure 13: Untwisted parallel conductor arrangement in the shield for MTL para-
meter estimation for multiconductor cables, adapted from [23].
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1 rSZH - dé,R
Fog.rr = In (30a)
2mee, TSHTwG,R
1 dy  |(dgdg)* + 15y —2dgdy gy cos(Ocg)
P = In S : (30b)
2mege, |\ 7y \| (dgdg)* +dg —2dgdy cos(Ogg )
c=[PT"! (30c)

Schelkunoff [22] gives a very good discussion on the surface impedances of hol-
low solid cylindrical shells. Discussions in this section are applicable only for
imperfect conductors. Consider a hollow conductor whose inner and outer radii
are a and b, respectively. The return of the coaxial path for the current may be
provided either outside the given conductor or inside it or partly inside and partly
outside. Let Z | be the surface impedance with internal return and Z,,, with that of
external return. This situation has appears to have in effect, two transmission lines
with distributed mutual impedance Z .

According to Schelkunoff, Z , is due to the mingling of two currents in the
hollow conductor common to both lines; and since Z is not the total mutual
impedance between the two lines, Z is called the transfer impedance from one
surface of the conductor to the other [22]. Using magnetomotive intensities asso-
ciated with the two currents, he derived the surface impedances as given by eqns
(31) and (32). The analysis presented here are applicable only to tubular
shields.

7 _NJOKo  Lo(afjono)K, (bl jous) + (31a)
® ongah _]l(b\/ja)'uo')KO (a\/jw,ua)

_ yJjouo 'Io(b\/ja),ua)Kl (a\/ja),ua) +] (31b)
2m0bA | [ (ayfjoouo)Ky (b jous)

_ Il(b\/ja),ua)K] (a\/ja)/w) - (31c)
Il(a\/jcu,ua)l(1 (b\/ja);m)

1
" 2ngabA

Zy=27Z, (32)
Two theorems proposed by Schelkunoff [22] with regard to tube impedances are
the following.

Theorem 1: If the return path is wholly external (1, = 0) or wholly internal (I, = 0),
the longitudinal electromotive force (voltage) on that surface which is the nearest
to the return path equals the corresponding surface impedance (self) multiplied by
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the total current flowing in the conductor and the longitudinal electromotive force
(voltage) on the other surface equals the transfer impedance (mutual) multiplied
by the total current.

Theorem 2: If the return path is partly external and partly internal then the total
longitudinal electromotive force (voltage) on either side of the surface can be
obtained by applying Theorem 1 with the principle of superposition.

Equations (31) and (32) give the tube impedances. In comparison with eqn (27),
one can define eqn (31a) as the tube-in impedance of either shield or the armour
(31b), as the tube-out impedance of either the shield or the armour, and eqn (32) as
the tube-mutual impedance of either the shield or the armour.

Wedepohl and Wilcox [15] have given a very simple approximation as shown
in eqns (33) and (34) for the tube impedances without any Bessel functions, and
they are valid only if [(b — @)/(b + a)] < 1/8. This has been validated for various
practical tubular cable shields by the authors and it was seen that approximations
(33) and (34) are excellent ones to exact Schelkunoff equations (31) and (32),
respectively.

T

wuc
= J 1 coth (([jeopo (b— a))- (33a)

27‘caa(a +b)

Zyy = “ coth joua (b— a))—— (33b)

2nob(a+ b)

_ \ jouo 1 (34)
" mo(a+b) sinh (b-a)jopuo )

It is now shown how to obtain all the important impedance and admittance param-
eters that are needed to create the voltage and current wave equations (26a) and
(26b).

Zy =7y,

4.2 An example of RG-58 cable

This cable, based on standard catalogues, has a single core and a braided copper
shield. The capacitance of the core conductor with respect to the shield for the
RG-58 cable is about 101 pF/m. This can be obtained using the formula (30) if
the geometry of the cable is known. The inductance of this cable using the char-
acteristic impedance of 50 Q will be 0.255 uH/m. The shield is braided because
of which the tube mutual impedance or the transfer impedance will not be the
same as discussed in Section 4.1. Vance [7] mentions that there will be two com-
ponents that contribute to the net transfer impedance. One is due to the diffusion
of electromagnetic energy across the thickness of the shield and the other, due to
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the penetration of the magnetic field through apertures of the braid. The diffusion
part is identical to the case as if the shield were like a solid tube, similar to the tube
mutual impedance as shown in Section 4.1. The penetration or the leakage part is
usually represented as a leakage inductance term as in eqn (35).

Zshield-mual = Z1 = Zy4 + joM, (35a)

25, Joua (35b)

The values of Z, and M, are calculated from the shield geometries and the number
of carrier wires on the braid and on the weave angles. The terms r,_and r,  are the
dc resistance of the shield and radius of the carrier wire with which the shield is
formed. Associated formulas can be found in [7].

Can transfer impedance be measured experimentally? Under the assumption of
weak coupling between the inner circuit and the external circuit, it is possible to
determine the transfer impedance exactly. Let us get back to our differential equa-
tion (23). For the RG-58, the equations reduce to eqns (36) and (37).

_i|:vcore :|:[le le:||:lcore :| (36)
dx | Vipiera Zy1 Zy || Lihiew

2, =Z[\+Z,+ 25+ Zy

Z,=2y=Z\+Zy =25+ 73, (37
Zy, = Zﬁz

Assume a 1 m length of the RG-58 cable, which is electrically small. At one end
(near end marked as suffix N) let us short the inner conductor and shield, and inject
a current source with respect to reference plane. At the other end (far end marked
as suffix F), let us open circuit the inner conductor and short the shield to the refer-
ence plane. Thus the voltage at the near and far ends with respect to core and shield
currents can be written as

_(VcoreF - VcoreN ) = lelcore + ZIZIShield (388.)

_(VshieldF - VshieldN ) = Zlecore + ZZZ Ishield (38b)
The core current is zero, because of which we have,
_(VcoreF - VcoreN) = ZIZIshield (3921)

~(Vanierar = Venielan) = Z22Lshiera (39b)



SURGE PROPAGATION IN MULTICONDUCTOR TRANSMISSION LINES 103

Also V. and V. . are the same as they are shorted at the injection point,
hence by subtracting the two equations from each other in eqn (39) we have

VeoreF — Vanietdr) = (=Z12 + Zyp ) hic1a (40a)

’ ’ V — V . V
(_le +222) = le = Z21 ~ ZT - COrBFI shieldF _ IcoreF (40b)
shield shield

This is the concept used in various transfer impedance measurement methods.
Similar to transfer impedance, one can also define the transfer admittance. Exper-
imentally the Triax set up as shown in Fig. 14 is used for the transfer impedance
measurement [24]. There could be other more accurate or simple methods as dis-
cussed in [5]. To illustrate the Triax measurements, consider an RG-58 cable of 1
m length and make a simple Triax arrangement [24] as shown in Fig. 14. Note that
one can make the radius of the tube smaller so as to be in contact with the outer
insulation (not shown in Fig. 14) in order to get rid of the external inductance and
capacitance between the tube wall and insulation. Now inject a step pulse current
at the near end with the connection as shown in Fig. 14 and measure the open
circuit voltage at the far end between the inner core and the shield. The ratio of the
open circuit voltage and the shield current should give us the required tube mutual
impedance or the transfer impedance.

Assume that for using eqn (35) for the RG-58 cable, the values needed (taken
from [7]) are M|, = 1 nH/m, r, = 14 mQ/m, r, , = 63.5 um and the copper conduc-
tivity and permeability is chosen. The transfer impedance as a function of fre-
quency using eqn (35a) for the above values are shown in Fig. 15.

Note that one could also reproduce the curve using the equations correspond-
ing to eqns (32) or (34), if the shield thickness or inner and outer radii are known.
It is seen that if the shield was tubular of certain thickness, then the transfer

Hallow Tube

_ Cable Shield
== \ / Air
| P g
~

/¢ > s roc
P 7
'l. / -
’f i

Current Source 7

/

/ Core Conductor

Isnield
Core Shield Inuslation

Figure 14: Triax setup for measuring the transfer impedance.
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Figure 15: Transfer impedance for an RG-58 cable with braided shield, showing
the influences of leakage and diffusion part.

impedance magnitude decays at high frequencies as shown in Fig. 15, when only
the diffusion part is considered. However, if the shield was leaky or braided, then
the transfer impedance first decreases at high frequency and then increases as
shown in Fig. 15 with both diffusion and the leakage part considered. Tesche
et al. [5] mention that the transfer impedance increases at high frequency either
as o< f or o< 1/f, perhaps dependant on the type of the shield. Usually the leakage
part is difficult to calculate as it depends on number of carrier wires, their optical
coverage, weave angle and, more importantly, they are functions of complete
elliptic integrals of first and second kinds. There could be other types of shields
that are not braided but similar to the ones shown in Fig. 11, for which no formula
exists and controlled measurements can only give the transfer impedance. At low
frequencies, the transfer impedance is dominated by only DC resistance of the
shield. Similar to transfer impedance one could have transfer admittance, but it
exists only if the shield is leaky and at high frequency. The transfer admittance is
approximately given by eqn (41). In eqn (41), C, is the capacitance per unit length
between the internal conductors and the shield, C, is the capacitance per unit
length between shield and the external current return path and K is a function with
complete elliptic integrals and carriers and weave angle, etc. More details can be
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found in [5, 7]. As a reasonable approximation, transfer admittance is usually
neglected.

Yr = joCy,
C, =CGCK

(41)

4.3 Influence of shield thickness in the coupling phenomena

Let us now consider as to what would be the influence of shield thickness on the
transfer impedance characteristics. For simplicity, we shall consider the example
of tubular shields with two thicknesses, namely, 127 and 254 um, made of copper
with an arbitrary outer radius of the shield as 1.65 mm. The expressions (32) or
(34) can be used for transfer impedance. One would also get the same if the Traix
experiments as explained earlier were made and the ratio of open circuit voltage
and shield current were determined. The transfer impedances for the two shield
thickness are shown in Fig. 16.

The higher the thickness, the less the transfer impedance, as can be clearly
seen in Fig. 16. The transfer impedance in frequency domain shown in Fig. 16 is

15 H HR R ERLEL H HIR R EELEL H HER R R EL H H H
Sommmbusstonbdbbiifenssestae tedeibiitblos ot 5
3 . i
£ L G
Ny ST E
10* 10°
4 o —
=~ 2p--- e it Bt
= IR b
© 1or 18
— 0 L] L] L] lh »~
N2 e . t=r  EL 1
—— 254um | o SRR
b} P s
10° 10° 10

(Hz)

Figure 16: Transfer impedance for two shield thicknesses assuming a shield to be
solid tubular.
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vector fitted [25] using ten poles and the time domain response is shown in
Fig. 17. The value of transfer impedance in time domain is large, which is a
result of convolution.

An interpretation can be provided to time domain ‘transfer impedance’ presented
in Fig. 17. It takes some time for the shield current (magnetic field) to penetrate
inside. The time, when the steady low value of transfer impedance is achieved in
Fig. 17, is nearly the same as the time at which the steady value of the open circuit
voltage is achieved in Fig. 18. Stern [26] has provided a time domain formula as a
series expansion for expression (35b). The convergence of such a time domain for-
mula depends on shield properties and shield dimensions. Another interesting fea-
ture of the transfer impedance is that it predicts the diffusion time [7] required for
the development of the internal voltage. The diffusion time constant can be obtained
from the shield thickness and shield material properties and is given by eqn (42).

7, = puo(shield thickness)2 (42)

To demonstrate this, let us take the same example of transfer impedance as above. The
internal open circuit voltages, which corresponding to the Triax setup, would have
been the product of transfer impedance and shield current for two shield thicknesses

007 = ; : ; : ‘

'5:‘ : N 127um
: : ; | 254um

006 [-72-------- premmmenees premmeeeeees Prmmeneeees .

170 0 S — oo R oo oo -
B e e
£ |ii ! : z s
G I : : : : :

B L pooeesseaes froeeneees froeneeees froeneeees .
1]i7] R T S R S SR -
10 S Y S R S S -
o E N, : ' ;

0 05 1 15 2 25 3
(bs)

Figure 17: Transfer impedance in time domain for two shield thicknesses assum-
ing a shield to be solid tubular.
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Figure 18: Time domain response of the internal open circuit voltages for two

shield thicknesses assuming the shield to be solid tubular.

are shown in Fig. 18. Let us assume a step function for injected shield current. It can

then be seen that the constant voltage is attained at about times corresponding to dif-

fusion time of the shield and those times are marked in Fig. 18. Note that in generat-
ing the curves corresponding to Fig. 18, the frequency domain voltage obtained from

the product of transfer impedance and step current in frequency domain were Vector
fitted using ten poles. It is readily see that, higher the thickness, the larger the diffu-

sion time and the less

the internal voltages due to low value of transfer impedance.

matrix elements for internal conductors of cables
to the shield based on the method proposed in [5]. This is necessary because there

Today, very sensitive, high precision and accurate measurement systems like AC
bridges are commercially available for measurement of smaller values of capaci-
tance and inductances. Further, there are voltage and current sensors or instru-
ments for measuring small currents and voltages. In this section, we discuss some
of the methods to evaluate through experiments, the inductance and capacitance
matrix elements for the MTL arrangement of conductors in the cable with respect

4.4 A simple measurement for estimating inductance and capacitance
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could be situations where the medium between the core conductors and the shield
is not homogenous and, at the same time, one could have twisted pair arrangement.
Under such circumstances practical formulae as discussed earlier, i.e. using eqns
(29) and (30), no longer applies.

4.4.1 MTL capacitance matrix estimation

Let there be a system of n conductors forming an MTL system inside the shield
and let the length of the cable be L. Let one of the ends of the cable be referred to
as the near end and the other, as the far end. From the transmission line equations,
the relationship between the current in the ith conductor and the voltages on the
other conductors are related through admittances as follows.

dr.
EENVAEYs £t Y, 43)

For a source with line length much less than the wavelength, i.e. under weak cou-
pling assumptions we can rewrite eqn (43) as

L) =1, (L) = [Y,V, + Y, V, +--+Y,,V, 1L (44)

In eqn (43), 1,(0) and I,(L) represent the current at the near and far ends, respec-
tively. Let all the lines at the far end be left open circuited. Then, for any conduc-
tor, the current /(L) = 0.

Now at the near end, say if we are interested in calculating the self-capacitance
of kth conductor, Cior then we do the following. Short all the conductors to the
shield in the near end except for the kth conductor where a voltage source V, is
connected to the shield. This voltage source injects a current /, on the kth, conduc-
tor which can also be measured. Then based on eqn (44), since all the voltages are
zero at the near end excepting on the kth conductor, we will have

I, (0)= Yy VL = joCyV,L (45)

If the voltage source frequency, measured current and applied voltage at the near
end is known, then the self capacitance C,, can be calculated.

Similarly, if we measure the short-circuit current in the jth conductor with the
same voltage source V, with respect to the shield at the near end then we will have
eqn (46), from which the mutual capacitance Cjk or C 4 can be obtained.

1;(0) =Y, VL= joC,V,L (46)

4.4.2 MTL inductance matrix estimation
Similar to eqn (43), we can have the voltage and the currents in the conductor
related through the impedance parameters as follows:

dv.

L=z L +Z, 0, ++Z I 47
dx i1*1 142 1n ( )

n
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For a source with line length much less than the wavelength, i.e. under weak cou-
pling assumptions, we can rewrite eqn (47) as

V.(O)-Vi(L)=[Z,I, + Z, I, ++--+Z,,1, 1L (48)
In eqn (43), V(0) and V(L) represent the voltage at the near and far ends, respec-
tively. Let all the lines at the far end be short-circuited to shield. Then, for any
conductor, the current V(L) = 0.

Now at the near end, say if we are interested in calculating the self-inductance
of kth conductor, L, then we do the following. Open-circuit all the conductors in
the near end except on the kth conductor, connect a voltage source V, with respect
to the shield, which injects a current / ,on the kth conductor and that is measured.
Then based on eqn (48), since all the currents are zero at the near end excepting on
the kth conductor, we will have

Vi(0) = Z I, L = joL, I L (49)

If the voltage source frequency, measured current and applied voltage at the near
end is known, then the self-inductance L,, can be calculated.

Similarly, if we measure the open circuit voltage in the jth conductor with the
same voltage source V, with respect to the shield injecting current /, on the kth
conductor at the near end, then we will have eqn (50), from which the mutual
inductance either ij or ij can be obtained.

V(0)=Z, I, L= joL,IL (50)

5 Some additional cases of ground impedance based on
wire geometry

5.1 Impedance with wires on the ground

Having known the expressions for ground impedance and admittance for wires
above and below ground, it would be interesting to see what would be the expres-
sions for the ground impedance for wires on the surface of the ground. This
is needed because there are railway systems where cables are sometimes laid
beside the tracks either on the ground or in cable trenches. This can be seen in
some typical power and communication systems too. Therefore, it is necessary
to know the ground impedance expressions for wires on the ground. Sunde [6]
has given the expression for ground impedance for the wires on the ground as
eqn (51).

Sunde __ _]CO,UO
Zowi = 2R, (1= 7 Rip Ky (g Repy)] (51)
gl
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In the above expressions, the Bessel’s function is used. An expression for ground
impedance for wires on the ground can be obtained by using the ground impedance
expressions for wires below ground, i.e. using eqn (11) with depth d approaching

Zero.
1 1+y.R 2
i ) DhY R PR (52)
ZTE ngab 4+ Rabyg

What is interesting to note is that there is not any exponential term in eqn (52).
It was seen that the logarithmic term corresponds to ground impedance of wires
buried at infinite depth in the soil [7]. The second term in eqn (52) modifies or
corrects the infinite depth ground impedance model to obtain the ground imped-
ance expression for the wires on the surface of the earth. Therefore, the authors
refer eqn (52) as modified logarithmic formula. A comparison between the
Sunde’s formula (using Bessel function) and the modified logarithmic formula
is shown in Fig. 19. The example is a wire of radius 2 cm, ground conductivity is
varied from 10 to 0.1 mS/m, and the ground relative permittivity is 10. It is seen

Re[Zgsf(jw))

O Sunde, 10mS/m

—— Modified-Log, 10mS/m
© Sunde, 1TmS/m

—— Modified-Log, 1mS/m
Sunde, 0.1mS/m :
Modified-Log, 0.1mS/m |: 111}

i a1 a3 aaal H M

Im[Zgs/(jw)]

()
T

-35
10° 10*
Frequency (Hz)

Figure 19: Comparison between Sunde and modified-logarithmic formula for the
ground impedance of wires on the surface of the earth.
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that eqn (52) is a good approximation for eqn (51) and does not involve Bessel
function. It should be remembered that if there are many parallel wires on the
ground surface, the mutual ground impedance expressions could be obtained by
substituting in eqn (52) the radius of the wire with horizontal distance between
the wires, the same analogy as was applicable for the wires below ground. The
ground admittance can be obtained using the propagation constant and the
relation (15).

5.2 Mutual impedance with one wire above ground and the other below
the ground

The mutual ground impedance expressions between an overhead wire and buried
wire can be derived from Sunde’s method [6] but it involves infinite integrals
as shown in eqn (53). In eqn (53), d,, is the horizontal distance between above
ground and buried conductors. The height of the overhead wire is 4 and the wire
depth is d. The authors feel that simplified expression for eqn (53) in terms of
logarithms or exponentials should be derived to avoid infinite integrals. It is a
subject for future study.

g7 6D

n 0 u+\/u2 +yé

Zoabbi = cos(du)du (53)

6 Some examples

We have seen various expressions for impedance and admittances for the bare
and insulated wires. We have also seen how to model the coupling through cable
shields. In this section, we take some examples, which will describe the solutions
in time or frequency domain and also a practical example of how crosstalk phe-
nomena can be minimized using shielded cables.

6.1 Time domain simulation of pulse propagation in bare and
insulated wires

When large transient currents or voltages propagate in bare wires or insulated
cables there will be non-linear arcing or breakdown mechanisms occurring within
the soil or insulation medium. The mechanisms of soil ionization in grounding
systems and insulation breakdown in cables are common during power system
transients/faults. To include such non-linear effects only time domain solution of
transmission line equations helps. An efficient way of solving numerically lossy
transmission line equations in time domain is by using the finite difference time
domain (FDTD) method with recursive convolutions as discussed in Chapter 2.
The only difference is that a vector fitting [25] of ground admittance in addition to
ground impedance is to be made. The discussions presented here can be found in
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Theethayi et al. [19] as well. Further, we will have constant term in addition to the
exponential terms while fitting the ground impedance and admittance terms which
has to be used in the FDTD equations as discussed in Chapter 2.

As discussed in the beginning of this chapter, the transmission line equations,
either eqns (1) or (2), when transformed to time domain will appear as eqn (54).

V@) ¢, 0lxT)
— +jc(r 0= dr=0 (54a)

E)I(x,t)_'_-[n(t_ E)V(x T)d 0 (54b)
X

Note that in eqn (54), the terms {(#) and #(f) are given by eqns (55a) and (55b),
respectively.

OR (—Z(.j “’)) (55
Jao

nn=F" (—Y(.jw)) (55b)
jw

Let us assume that eqns (55) or (56), when fitted with Vector fitting, say, up to
10 MHz, will give eqns (57) and (58).

{(t) = Czpd(t) + Y, Cze™™" (56a)

i=1
n(t) = Cyyd(t)+ Y, Cye M (56b)
i=1

To demonstrate the final time domain expression, let us discuss considering only
eqns (54a) and (56a). Substituting eqns (56a) into (54a), we have

i=1 T

BV(x,t) \ a —a,(t-7 al(x,‘c)
- +£[CZ05(I—T)+ZCZ,.e ¢ )}a—dr=0 (57)

Let us split eqn (57) as

V(x,1) | Bl(x,r) oalr ol(x,7)
= +£[CZ05@_T>] - j{z ¢ >]Tdf=o (58)

0
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In eqn (58), the second term with a delta function can be written as a convolution
given by eqn (59).

j[czoa(z—r) o (x Zdr=[Cz0(-1)]® o (a):T) (59)
[Cz0(t - ]®@ =22 o (x D U [Crjol (x, o) (60)
F'[Czyjel(x, joo) = Cz, ol(x.1) (61)

ot

From eqn (61), it is clear that Cz, has dimensions similar to line series inductance
and term Cy, to shunt capacitance. Thus, the final set of transmission line equa-
tions in time domain for pulse propagation that needs to be solved is given by
eqn (62).

aV(x, t) al(x 1) —a,(—7) | 91 (x, ’L')
- - {[Zlc } =0 (62a)

ol (x, t) 8V(x 1) Y 8V(x ‘L')
o» > ![E}c =0 (62b)

It is interesting to see that eqn (62) appears similar to the expressions for overhead
wires and the solutions to these equations using the FDTD method are straight
forward, as discussed in Chapter 2, using the recursive convolution.

To demonstrate the differences one would obtain between the application of the
FDTD method to eqn (62) and solutions using direct frequency domain solutions,
as discussed in Chapter 2, we take an example of a bare wire 1 km long and buried
at a depth of 0.5 m and having a radius of 7.5 mm. A current source having a peak
of 1 A with the shape given by I, (1) = 1.1274 ( (X10%r _ (410 )’) is injected one
end, and the voltage at the injection point, 100, 200, 300, 400 and 500 m from the
injection point by two different methods are shown in Fig. 20 for a ground with
g,=1mS/m and ¢, = 10. The differences between the two methods are nominal,
which could be due to the numerical errors inherent in both the methods.

6.2 A practical crosstalk problem

In Chapter 2, we have seen the crosstalk mechanisms with the MTL conductor
system in the presence of finitely conducting ground. Here, we shall consider
crosstalk to shielded wires based on weak coupling analysis, i.e. the generator
wire circuit currents (source) is not influenced by the current in the shielded cable.
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Figure 20: Calculated voltages using the transmission line solution and the FDTD
method for a bare wire buried at a depth of 0.5 m, 1 km long and radius
of 7.5 mm. The ground medium has o, = 1 mS/m and by = 10.

Note that the analysis to be presented is applicable to electrically short lines as
discussed in Chapter 2. Shielded cables are used to protect the signal wires from
external interference and also to provide a return path or reference (e.g. the com-
mon coaxial cable type RG-58). First, we consider a perfect shield without any
direct field penetration inside, and then find out how connecting the shield ends to
the ground influence the crosstalk (Fig. 21). For simplicity, the ground is assumed
to be perfectly conducting. The cable length is assumed to be electrically small so
that the circuit analysis is valid. Let us now consider crosstalk to the shielded wire
in the set up shown below. This situation is treated in detail by Paul [23].

First consider the capacitive coupling as discussed in Chapter 2. The shield is
assumed to be perfect. Therefore, there is no ‘direct’ coupling between the genera-
tor wire and the receptor wire. The coupling capacitance between them is a series
combination of C;g and Cq (Fig. 22)

_ CRSCGS

= (63)
Crs +Cas

12
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Figure 21: Basic model for crosstalk to shielded cable.
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Figure 22: Equivalent circuit for capacitive crosstalk to shielded cable.

The near end and far end crosstalk due to capacitive coupling is given by eqn (64).

RyR
y G —y Cap _ _TNTE o0 (64)
F N Ry +Rs JoLl,
Where 1, is approximately given by eqn (65) (assuming currents and voltages in
the receptor and shield circuit do not influence the currents and voltages of the
generator circuit, that is, weak coupling with the generator circuit).

e
2 = (65)
R, + R,

If the screen is connected to the ground at either end, the screen voltage becomes
zero everywhere (low-frequency approximation) and the capacitor Crg is shorted
out. There is no capacitive crosstalk in this case, VFCap = VIS“" = 0 when screen is
connected to ground at one end or both ends.

Next, we will consider the inductive coupling. The disturbing current in the gen-
erator circuit produces a flux in the circuit formed by the shield and the ground
plane. This flux induces a current in the shield which produces a flux opposing the
original flux in the space between the shield and ground plane. That is, the flux link-
ing with the circuit formed by the receptor wire and the ground plane is also reduced.
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In electrically small cables, there can be a shield current flow only if both ends of
the shield are connected to the ground. Therefore, to reduce inductive coupling,
both ends of the shield are to be connected to the ground. The equivalent circuit for
the inductive coupling of the shielded wire is given in Fig. 23. In Fig. 23,

* M, —Mutual inductance between the generator circuit and the receptor circuit.
* Mg — Mutual inductance between the receptor circuit and the shield circuit.

* Mg, —Mutual inductance between the generator circuit and the shield circuit.
* Ry, Lg— Resistance and self inductance of the shield.

The direction of the disturbing current is from near end to the far end. It produces a
voltage jooM 1, in the shield and drives a current /g in the direction shown. In the
absence of the shield, the voltage induced by /, in the inner wire (receptor wire)
would have been jooM 1,. The shield current /g produces a flux that opposes the
flux produced by 7,. Therefore, the induced voltage in the receptor wire would be
reduced by an amount equal to joMg l,. Note that the two voltage sources in the
receptor wire oppose each other. In the absence of shield current, I, the voltage
JoM I, = 0. Shield current is given by eqn (66).

JoM sl
§= (66)
Rg + joLg
The near end inductive crosstalk voltage is given by eqn (67).
VN =R—Njw(M I, —Mylo) (67)
N Ry +Rs GrR12 Rrsts
Substituting eqn (66) in eqn (67), we have
2
MM
A jwMGR—w SRS |1
Ry +Rp Ry + jooLg 68)
__ Ry JjoRMgr + 0 (MsMgs = M Ls) I
Ry +R; Ry + jooLg :
R joMgrls jwMgsls
R+ - - +
— ——O O—=—
joMgsle
s N
IN | S| VFLN
Vu R 15 Rr

Figure 23: Equivalent circuit for inductive crosstalk to shielded cable.
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Under weak coupling assumptions, the mutual flux linking the receptor circuit and
the shield circuit is about the same as the mutual flux linking the generator circuit
and the receptor wire circuit, leading to M, = M. Similarly, the magnetic flux
in the shield-ground circuit due to shield current is the same as that magnetic flux
produced by an equal current in the receptor wire leading to L, = M. Applying
these two conditions in eqn (68), we get

R R
IN N . S
W =———5JoMgrl, ——
Ry +Rg Rg + joLg (69)
Crosstalk with Effect of
shield removed the shield

In a similar manner, we can find the crosstalk at the far end, as

R
IN F . S
Vg =- JoMgply ————
Ry +Rg Rg + joLg (70)
Crosstalk with Effect of
shield removed the shield

The effect of the shield appears as a multiplying factor (71) on the crosstalk with-
out shield, where T = LS/RS is the shield time constant.

Ry 1
SF = x = - (71)
Ry +joLg 1+ jortg
Shielding Factor (SF) can be approximated as
1 for w<1/tg
SF=4 R 72
S for w> 1/ Tg 72)
JoLg
For w < l/rs,
R
|V1\IIN| = —NjwMGRIZ
Ry +Rg (73)
[ — VY
F Ry + Ry GrR12

That is, inductive crosstalk increases by 20 dB/decade increase in frequency up to
about f=1/2 nt, or R = L.

For & > I/TS,
[VIN| = - Ry MggrRg I,
N+HRp L (74)
IVIN| = Rp  McrRs 1,

Ry+R; Ly
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Equation (74) is independent of frequency. That is, inductive crosstalk remains
constant for /> 1/2 wz .

Total crosstalk is the sum of capacitive and inductive crosstalk. If the shield is
grounded, at least one end, the capacitive coupling contribution is zero, and the induc-
tive coupling is reduced by the shield only if the shield is grounded at both ends and
the frequency of the interfering signal is greater than the shield cut-off frequency.

7 Concluding remarks

In this chapter, we have seen how the transmission line theory can be extended to
solve pulse propagation problems in buried conductors, bare as well as insulated.
Two of the key concepts for including the effect of finitely conducting ground are
the ground impedance and ground admittance. After a review of different expres-
sions for these two quantities, we have presented a set of new simple expressions
that can represent them. These two new expressions do not involve any compli-
cated infinite integrals and hence computationally very efficient, at the same time
retaining the accuracy. It was pointed out that ground admittance is very sensi-
tive to ground conductivity, whereas for overhead conductors (chapter 2) it was
ground impedance that was sensitive to ground conductivity. The popularly used
transient simulation packages like EMTP/ATP ignores ground admittance and
the pitfalls of using these programs for the analysis of underground systems have
been pointed out. For the given conductivity and permittivity of ground, the fre-
quency up to which transmission line methods could be used for buried systems
without significant errors is derived. An MTL method for buried shielded cables
is presented. This model is capable of calculating the voltages and current devel-
oped internal to the cable due to induced external currents in the shield under all
possible terminal conditions (short circuit to open circuit). Numerical examples
of pulse propagation in buried bare wires and cables have been presented in time
domain and discussed.
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High-frequency electromagnetic coupling to
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Abstract

A system of integral-differential equations for evaluating currents and potentials
induced by external electromagnetic field on a wire of different geometric form
above a perfectly conducting ground is derived under the thin-wire approxima-
tion. Based on the perturbation theory, an iterative procedure is proposed to solve
the derived coupling equations, where the zero-iteration term is determined by
using the transmission line approximation. The method can be applied both in the
frequency domain and in the time domain. The proposed iterative procedure con-
verges rapidly to exact analytical solutions for the case of infinite and semi-infinite
straight wires, and to the Numerical Electromagnetics Code (NEC) solution for
straight and bent wires of infinite length. Moreover, with only one iteration, an
excellent approximation to the exact solution can be obtained.

1 Introduction

The use of transmission line (TL) approximation for the calculation of the response
of long lines to an external exciting electromagnetic field has permitted to solve
a large range of problems related mainly to lightning and electromagnetic pulse
(EMP) effects. The accuracy of the TL approximation has been investigated in
different papers (e.g. [1-3]). The TL approximation is mainly limited by the con-
dition that the transverse dimensions of the line and its return path (essentially the
line height) should be much smaller than the minimum significant wavelength of
the exciting electromagnetic field 4 _; . Therefore, for cases when this condition is
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not met, one generally resorts to the use of scattering theory. However, a systematic
use of the scattering theory for long lines becomes cumbersome due to computer
time and storage requirements.

Exact analytical expressions for the calculation of the response of infinite over-
head lines excited by an incident electromagnetic field have been developed [1, 3].
Using those expressions, it has been shown [2] that corrections to the TL approxi-
mation can be considerable under certain circumstances. However, the method
does not give the possibility to take into account boundary conditions at the line
ends.

In this chapter, we derive the general field-to-TL coupling equations for an over-
head wire of different geometric forms: a straight horizontal line of finite length
and an infinite horizontal wire with bend. The coupling equations will be expressed
as in the classical telegrapher’s equations with some additional source terms
representing the correction to the TL approximation.

We also present a simple iterative approach to correct the results obtained using
TL approximation both in frequency and in time domains.

2 High-frequency electromagnetic field coupling with
a straight wire above a perfectly conducting ground

2.1 Derivation of an electric field integral equation in a TL-like form
for a straight thin wire of finite length

Consider a lossless current filament of finite length above a perfectly conducting
ground (see Fig. 1). The line is in presence of an external electromagnetic field.

%
"
=

y

Figure 1: Geometry of the problem.
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The boundary conditions on the wire surface imply that the total electric field
tangential to the wire should be equal to zero

¢ E%=¢ (E°+E%)=0 1)

In eqn (1), E* is the exciting electric field obtained by the sum of the incident
field E' and the ground reflected field E", both determined in the absence of the
wire; E* is the scattered electric field which represents the reaction of the wire to
the excitation field.

The following development will be based on the thin-wire approximation, that
is, the current and change densities are assumed to be distributed along the wire
axis and the condition (1) is satisfied on the surface of the wire. The scattered
electric field, produced by the charge and current densities p and J, can be
expressed in terms of the retarded scalar and vector potentials:

E* =—jwA-V® )
with
- Iu L
AF)="2[e.1(2) (7, F)de’ (3a)
4r 0
and
- Uo€ &
A(h,2) =L_f1(z’)g(z—z’)dz' (3b)
4 0

where 7z’ is the length variable along the wire axis; 7 = xeé,. + yéy +2€, is measured
from the observation point to the origin, 7’ from the source point to the origin, and
I(z") and p(z") are the current and change density along the wire. g(7,7’) is the
scalar Green’s function defined as

e—jk\f—r'\ e—jk\f—(f —2x7)|

g('—" F/) = — o = =7 ’7— 4
|r—r |r—(r —2xex)| “)
For the considered case of Fig. 1, the Green’s function becomes
—jkJz=2 P+ =y P+ (x—h) — k(=2 P+ =y P+ (x+h)
-, e e
g(r,r)= ®))

Ja= 4=y P +—h? =2 +(—y) +(x+h)

where the wave number £ is related to the angular frequency w by k = w/c.
When the field point is on the wire surface, the expression for the retarded scalar
and vector potential read:

- L
Alh) =205 [ 1) 8= 2)d (62)
0
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and
®(h,2) = 6b
(h2) 4me, 0 (6b)
in which the scalar Green’s function (Fig. 2) g(z) is given by
e—jkx/zz+az e—jkx/z2+4hz
)

g(@)= -
JE+ad 2 +an?
The current and the charge density along the wire are related by the continuity
equation:
1 dI
p=—— ®)
jo dz

Introducing eqns (2), (6)—(8) into eqn (1), we get

L
. ’ ’ ’ a
ES (o) = jo [ gz~ )1 dz - S @(h2) =0 ©)
4y 0z
where
L
E)I
D(hz)= —— ,[ (Z )
00
(10)
- Ja) 4me, |:g(z
>,
3
X
G
ES R I
2a z 1 1
§ —,——— ———— — — — — =
h N — ]
P
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\
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\
> ¢ —2Z
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Figure 2: Geometry for the determination of the scalar Green’s function.
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Since the line is open-circuit at both extremities, we have

I10)=I(L)=0 (11)
Additionally, it can be shown from eqn (7) that
0 0
72-7)=——g(z-7 12
P 8( ) Py 8( ) (12)
Using eqns (11) and (12), the retarded scalar potential expression (10) becomes
1 1 9%
Oh,7)=—— — | g(z-2)1(z")dz’
)=~ aZ,{g( )I() (13)

Let us consider the scattered voltage as defined in the standard TL theory [4]
h
Vi@ =-[Ei(x0)dr (14)
0
Equation (2), written in terms of the x-component, yields

E(x,2) =—%‘D(X,Z) (15)

Using eqn (14), the scattered voltage becomes

V*(z) = ®(h,z) - D(0,2) (16)
From eqns (6b) and (5), it follows that
®(0,2)=0 (17)
which means
Vi (2) = P(h,z) (18)
Inserting eqn (18) into eqns (9) and (13) yields
s L
dz;Z) + j“f_i{g(z I = ES (h.2) (19)
qk
= ! g(z=2)() ' + jodne, V' (2) =0 (20)

Equations (19) and (20) are the final field-to-transmission line coupling equations.
In what follows, we will express these equations in a form similar to the classical
TL coupling equations. To do that, let us consider the integral term, in eqns (19)
and (20)

L
C(2)= [g(z=)1()dz’ 21
0
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lg(z—2")
1/a

~1|z-2'|-1/2h

2h

Figure 3: Approximate representation of |g(z —z")|.

The approximate wave shape of the scalar Green’s function |g(z — z')| is shown in
Fig. 3. From this figure, one can deduce that the effective length for the integration
along the line is about 2A.

On the other hand, the effective length of the current variation is obviously
equal to its wavelength 4. Now, let the following conditions be satisfied

kh <<1 (22a)
L>>2h (22b)

In this case, eqn (21) can be written as

L
1 1
C(2)=1(2)] - dz’ 23)
0 \/(z—z')z +a? \/(Z_Z,)z e
Further, if the observation point z is sufficiently far from the wire ends, that is, if
2h<<z<<L-2h (24)

then the integration limits of eqn (23) can be taken from —eo to +oo (since the
integrals from —eo to L and from L to +co are negligible) and the integral reduces to

C(2) = 1(z) 2In(2h/a) (25)

Introducing eqn (25) in eqns (19) and (20) results in the well-known TL coupling
equations — the generalized telegrapher’s equations.
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In the general case when the simplifying conditions (22) and (24) are not satis-
fied, the function C(z) in the exact system of eqns (19) and (20) may be written as
the sum of the term (25) and an additional corrective term as follows:

V@, JoLI(Z') = ES (h,2)+ jwﬁﬁ{[(z)} (26)
dr 1 d -
@ 4 eV = Wd—zu{l(z)} 27)

where the operator D is defined as

R Ll o Jey(z=2' Y+ a? o K=y +an?
D{I(2)}=2In(2h/a)I(2)- | —- —
0 \/(z—z’) +a \/(z—z’) +4h

I(z))dz” (28)

and L] and C{ are the per-unit-length inductance and capacitance of the horizon-
tal infinite wire above a perfect ground, as defined in the classical TL theory [1].
They are given by

L= g—oln(2h Ja) (292)
T
2me,
C/ — 0
* 7 InQh/a) (29)

The above pair of eqns (26) and (27) is absolutely equivalent to the general field-
to-TL coupling equations (19) and (20) derived earlier. This system of eqns (26)
and (27) has a form similar to that of classical field-to-TL coupling equations in
the Agrawal et al. formulation [4] (see also Chapter 1). However, additional dis-
tributed voltage and current source which depend on the unknown current are also
present. These terms represent electrodynamics corrections (including radiation)
to the TL theory. The use of the system of eqns (26) and (27) is more suitable
than (19) and (20) because it can be solved using a simple iteration technique (see
Section 2.2). Moreover, the factor In(24/a) in (28) being frequency independent,
makes it possible to transform the iterative solution in the time domain.

2.2 Iterative solution of the coupling equations in frequency-domain

A frequency-domain iterative approach based on the perturbation theory has been
proposed in [5, 6] and applied to the case of a wire in the free space. In this section,
we will present a similar approach to solve the coupling equations (26) and (27) in
which the induced currents and voltages along the line are calculated using a series
expansion in terms of the parameter 1/2In(2k/a), which is a small parameter for
thin horizontal wires (e.g. for 4 = 0.5 m and a = | mm, its value is about 0.072).

V() =V @)+ WV () + V() +- (30)
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1(2)=1y()+ [, (D) + [ (2) +--- (€19}

The initial iterations V{ and /(z) are determined from the classical TL equations:

dVy(2)

+ jowLj 1(2') = EZ (h,2) (32)

dr ,
%+J@C{) Vo(2)=0 (33)

The following terms (n > 1) are solutions of the following system of equations:

W@, JoL§l,(Z')= jwﬁﬁ{ln—l (2)} (34)

d/,(2) 1

. d -~
d—z+ jCO C6 V,: (Z) = D{In—l (Z)} (35)

2In(2h/a) dz
For each iteration n > 0, the open-circuit boundary condition is valid
1,0)=1,(L)=0 (36)

To obtain a general solution for eqns (34)—(36), we substitute the expression for
V:(z) obtained from eqn (35) into eqn (34), and after making some simple math-
ematical manipulations, we get

d? 1 - w? w’ 1 ~
E[_I” (2) +MD{I,,_1 (Z)}} = 0—21,1 (2) —C—ZMD{I,H (@)}
(37)
which is equivalent to
a2,
—+k7 |l1,(2)-F,(2]=0 (382)
dz
where
1 ~
F,(@)=—————D{l, ()} (38b)

21n(2h/a)
The general solution of the homogeneous differential equation (38a) is given by
1,(2)=F, (z)+Cie ™ +C,e/* (39)

The constants C; and C, can be determined provided that all the iteration terms
satisfy the boundary conditions (36) at the line extremities. The final solution of
eqn (38a) can be therefore obtained as

e E,_(0)e™> ™ —F  (L)e "
n(2)= | o 2L

Fa e £, 0) i

Jkz
et Y

+F,_1(2)
|

(40)
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where

1 L e—jk\/(z—z')zmz e—jk\/(z—z’)z+4h2
F.()=1,2)

_ _ 1,(z)dz (41)
2m@Ha) | - P ra® -2 +an? ]

The above equation can be rewritten in a more convenient form for numerical
integration in which the dependence to the small parameter 1/2In(2h/a) appears

more explicitly
1 (L—z+ (L—z)2+4h2)(z+m)
Fn(z)=— ]n(z) In
i) | e e Yo )
fl 2 (Z)_In(Z')e_"'k‘/m 1, (Z)—In(Z')e‘.ikm

+'([ Jz-2) +d? J(z=2) +4h?
(42)

Equations (40)—~(42) permit to calculate the term [ as a function of the previous
term [ . As stated before, the zeroth iteration term IN is determined from the clas-
sical TL theory equations (32), (33) and (36).

dZ,

2.3 Coupling of a plane wave to an infinite wire: exact and iterative
solutions

In this section, we present the first test of the proposed iterative procedure and inves-
tigate how the solution converges to the exact solution. The considered case is an
infinite horizontal wire above a perfectly conducting ground excited by a plane wave
(see Fig. 4). (The solution of this problem is well known, see, e.g. [1, 7]. How-
ever, we derive it here for the sake of consistency.) The general system for the finite
horizontal line (eqns (19) and (20)) can be written for the case of an infinite line:

dVi@) . p s e
5t Jwg_jw gz—2)I(2)dz" = ES(h,2) (43)
d T 7 7 ’ . S

4 [ 8= 1) d + jodme, V() =0 (44)

Z—oo

£
< 8 IOe—jkcns(H)-‘ ‘ re
A

77777777777 7777777777777 =

Figure 4: Plane wave coupling with infinite horizontal wire.
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The term E%(z) is the tangential exciting (incident + ground-reflected) electric
field at the line height. This latter is defined as the sum of the incident electric field
E;(h, z) and the ground reflected one E;(h, z), both determined in absence of the
wire. For the case of vertically — polarized plane wave E%(2) is given by

ES(h,2)= E'e 0 (1—e M) sin 0 = E2 (h, jw)e (45)
in which
ES(h, jo) = E'(1-e 25 5in g (46)
where E' is the amplitude of the incident electric field, and k, = k cos 6, where 0 is
the elevation angle of the incident field (the azimuth angle @ = 0).
Expressing the scattered voltage from eqn (44) and substituting it in eqn (43)

yields a Pocklington integral-differential equation for the induced current in the
infinite horizontal wire:

d’ T ke
[d_ﬁkz] [ 8= 1) d2’ = — jeodmey E (b, jeo)e ™ (47)
Z

—oo

Note that the interval of integration in the above integral-differential equation extends
from —oo to +o0. Moreover, the kernel of the equation, the function g(z—2z"), de-
pends on the difference of arguments. Under these circumstances, it is possible
that the solution be in the form

1(z) = 1) (jw)exp(—jk z) (48)

The integral in eqn (47) can be written as

oo

[ 8- 1) de’ = 1y (joo) [ 82" —2) exp(—jky2)) de’

—oo —oo

é;_qlo( jo) exp(—jk2) I 8(&) exp(—jk &)dS “49)

—oo

=1y (jow) exp(—jk;2)G(jw)
with
G(jw) = —jr{HS (kasin0) — H{? (2khsin 0)} (50)

where, we have used the following identity [8, 9]:

—/kz kN +a?

T \/7 —jnHé”@/kZ—k,z), |k | < & (51)

and HY (x) = J,(x) — jY,(x) denotes the Hankel function of the zeroth order and
second kind [10].
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After substituting eqns (48) and (49) in eqn (47), we obtain an algebraic equa-
tion for the unknown current amplitude /, (jw) instead of the integral equation:

(—k* + k) ,G(jw)e M = — jwdne ES (jw)e (52)
The solution of eqn (52) is the well-known expression for the induced current

dweyE; (jw)
(k* — ki )(H (kasin 0) — H (2khsin 0))

Iy (jw) = (53)

Now, let us apply the general iteration formulas (40) and (41) to solve the system
of eqns (43) and (44). We assume that the value k in eqn (40) has a small imagi-
nary part (which corresponds, for example, to small ohmic losses) k — k — jo. For
very long wire L — oo and for observation points quite far from the end of the wire
z~L—z~ L, only the last term of eqn (40) ‘survives’ and we will have

o

[ s -a1,,@)d (54

—oco

1
1 (z) - F_()=1_,(2)———
n )Hm 1@ =1,4@) 21n(2hla)
k—k—jo

Again, the nth current iteration should have a form with the same coordinate depen-
dence as the exciting electric field (eqn (45)), but with unknown amplitude Io’n(ia))

1,(z)=1, ,(jo)exp(-jkz) (55)
The function F(z) can be found after integration
: G(jow) .
F (z) = exp(—jk;z)31 —————¢1 w
w(2) =exp(—j lz){ 21n(2h/a)} 0.0 (J®) (56)

Substituting eqn (56) into eqn (54), we can obtain the solution for the current
amplitude at any iteration (57)

IO’”(Jw)_{l 21n(2h/a)}10’"_1(Jw) {1 21n(2h/a)} loolie)— (57)

which is function of the zero-order iteration current amplitude /, ,( je), obtained by the
solution of the telegrapher’s equations (32) and (33) with exciting source (eqn (45))
B JoCoEs(joo) . 2me,  Ej(jo)

P N T 8

I(),o (jw)=

The total amplitude of the induced current £ (jw) can be obtained by summation of all
iterations (31). As expected, the summation coincides with the exact solution (53):

— {1 G(jow) }Ioo(. ) Iy (jo)

(o) = 20 ~2In(2ha) = Gljw) 1212k 1 ) 59)

B 4w, Ej(jw)
HY (kasin0) - HY 2khsin0) (k* — k)
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Figure 5: Frequency dependence of the current induced by the normal incident
wave in the infinite wire above a perfectly conducting ground (A =1 m)
for the exact solution (curve 1), classical TL approximation (curve 2),
and the first (curve 3) and the fifth (curve 4) iterations of the perturbation
theory for different radiuses of the wire. (a) Radius of the wire a = 1 cm.
(b) Radius of the wire a = 1 mm.

The numerical example — comparison of the exact current amplitude with those of
perturbation theory is shown in Fig. 5a and b. One can see from these examples that
the perturbation series converges quickly to the exact solution. It is worth observing
that even after one iteration, we obtain satisfactory results in comparison with the TL
approximation. Note also that the series convergence is faster for thinner wires.

2.4 Correction to the reflection coefficient for a semi-infinite
open-circuit line

In this section, we consider a good conducting semi-infinite wire above a perfectly
conducting ground, without external exciting electromagnetic field (see Fig. 6).
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Jl.x
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Figure 6: Geometry of the homogeneous current wave scattering problem for a
semi-infinite wire.

An incident current wave, I, exp(jkz), travels from oo and returns after reflection
and scattering at the open-circuit left end of the line.

Sufficiently far from the termination, the current is defined by the solution of the
homogeneous system equations (43) and (44) (which is equivalent to the homoge-
neous Pocklington’s equation) for the infinite line [7]. It represents a transverse
electromagnetic (TEM) wave and does not radiate ([11], chapter 4). At a distant
location from the termination the current is given by

I(z) = I(e™+R(jw)e™ ™) (60)

where I is the amplitude of the incident current wave, R(jow) is the complex re-
flection coefficient at the open-circuit end of the line. This coefficient defines the
radiation of the scattering current (see end of this section).

The exact solution for the complex amplitude of the reflection coefficient in a
system of two parallel wires in free space has been derived by Weinstein, using the
Wiener—Hopf technique [8]. This expression reduces in our case to the following
form:

2kh

=

R(jo) = —expl - Wxdx -if Wxdx (61a)
T xRk —x% i xx — (2kh)?
and
_ 3 Jo(ax/2h) —Jy(x)
W(x)= arctan[ —Yo (ax2h)—Y, (x):| (61b)

in which J,(x) and Y,(x) are the zero-order Bessel function of the first and second
kind, respectively [10].

In what follows, we will derive an expression for the reflection coefficient using
the iterative approach developed in Section 2.2. The solution for the current 1(z)
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should satisfy the asymptotic condition (60) and the open-circuit boundary condi-
tion for z = 0 (eqn (36)).
The zero iteration term, determined by the TL approximation, reads

I,(z) =1 (e™—e™ /) = 2jI sin(kz) (62a)
Ry(jw)=-1 (62b)

To find the first iteration term, /,(z), we will use the general expressions (39)—(41)
with #n = 1 and a semi-infinite integration domain

1 - . .
I.(z)=——D{I, +C e Ky C,el 63
1= Sy D@1+ 6 2 (63a)
where
R 2h ot e—jk\/(z—z')z'ﬂlz e—jk\/(z—zl)2+4h2
D(Iy(z))=2In (—) 1y(2) —j - 1y(z")dz’
a o \/(Z_Z,)z +a? \/(Z_Z,)z e
(63b)

Since the asymptotic amplitude of the incident current wave is considered to be
specified, it is necessary to set C, = 0 in eqn (63a). Physically, this means that the
scattering and radiation processes near the termination affect only the reflected
current wave. Using the open-end boundary condition (36), the final expression
for the first iteration term follows:

—jkz

1 ~ e ~
I(z) —MD{I()(@}—MDUO@)}L:O (64)
Having
}Lrg D{I,(2)} =0 (65)

the asymptotic expression for the first iteration is given by

lim 7, (z) = I R, (jw)e ™™ (66a)
Z7—>o0
where
e—jkz _
R,(jw)= ————D{I,
)= S ncniay 0 Joco (66b)

Finally, the expression for the reflection coefficient R! (jw) (including the zero and
first iterative approximations) reads

RV =R, +R, (67)
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Using eqns (62b), (63b) and (66b), we obtain the following expression:

- —jE o iNEmy
R(jo) = RV (joo) = ~1+—L— [ sin(¢) e _°

In(2h/a)) NS

After straightforward mathematical manipulations (carrying out a change of
variable ¢ = /&% +(2kh)* in the second term into the brackets), it is possible
to obtain

dé (68)

. o —jx . o
j Jl T o1y SiCkR) C+In(2kh)— Ci(2kh)

mewa)  x o @i In(2h/a)

RV (jo)=-1+

(69)
where Si(x) and Ci(x) are sine and cosine integral functions, C = 0.577 . . . is the
Euler’s constant [10].

For thin wires, when 1/2In(2h/a) << 1, the perturbation theory (only after the
first iteration) yields a good agreement with exact results, when the wavelength /4
is less than, or about several £, i.e. when the diffraction effects predominant (see
numerical example in Fig. 7). Analytically, the approximate equation (69) can be
directly obtained from the exact result (eqn (61)): assuming a << h, using small

0.6 — R(J(D)
0.5 -
Re(1+R(jm))
047 - = ~Im(R(jo))
—-Re(1+R"(jo))
03 —-=- Im(RM(jw))
/ ,\k ot ™ T s
024 S S Rt TE=
‘/
/
0.1 ‘;
-! o
0.0 ¥ T Y T ¥ T Y T ¥ T
0 2 4 6 8 kh 10

Figure 7: Reflection coefficient of a semi-infinite wire above a perfectly conduct-
ing ground. Comparison between the proposed approach after only one
iteration and the exact solution (a/2h = 0.001).
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argument asymptotic approximations for the function J (x) and Y,,(x), and calculat-
ing after that the lowest term in the expansion (61b) in terms of 1/2In(2h/a).

Let us establish now a connection between reflection coefficient and radiation.
As mentioned earlier, the current for z — oo has a form given by eqn (60), indicat-
ing that the electromagnetic field has a TEM structure and does not radiate [11].
Near the end, however, the field of the current wave deviates from the TEM struc-
ture, and the wave can radiate. The amount of the radiation power can be expressed
in terms of the reflection coefficient as it will be shown in what follows.

The average power of TEM mode, propagating along the ideal TL can be
written as

P(w) = %Re(VS* (DI(2)) (70)

where V3(z) is the scattered voltage of the line. Using the asymptotic expression
(60) for the current at distant locations from the line end, and calculating the sca-
lar potential and scattered voltage of the infinite wire by usual way (see [7]; [11],
chapter 4), it is possible to obtain the following equation for the time-averaged
power propagating along the line at far distances from the termination:

712
P(w>=—"'TZ° (1~ | RGo) P) (71a)
_Mo (2R
z.=2" ln( ; ) (71b)

As far as we neglect the ohmic losses in the wire, the power has to convert itself into
radiation Py (@) = —P(w). Therefore, eqn (71) expresses the radiation losses. The
radiation, of course, is absent in the TL approximation (62). It is convenient to intro-
duce a ‘lumped radiation resistance’, which is responsible for the radiation losses

Rpaq (@) = Ppg (@) /1 = Z,(1-| R(jo) ") (72)

In Fig. 8, we have plotted the radiation resistance computed by eqn (72) calculated
using exact equations for the reflection coefficients (61) and the approximate for-
mula (69). It can be seen that the proposed approximation yields results which are
in a very good agreement with the exact solution.

2.5 Iterative solution of the coupling equations for a finite-length straight
line in time-domain

In this section, we apply the developed method to calculate the electrodynami-
cal correction to the induced current in a straight wire of finite length, directly in
time domain. The series expansion parameter in the corresponding coupling equa-
tions (40) and (41) in frequency domain being frequency independent makes is
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Figure 8: Radiation resistance for the semi-infinite open-circuit line: 1 — exact
theory; 2 — the first iteration for the perturbation theory.

possible to convert the iterative equation (40) in time domain. To do that, let us write
eqn (40) in the following form:

1,2) = F, @)+ F,y ()& PE9—e7/k)

+F, (D)0 e—_/k<L+z>)] 3 e 2imd

m=0

m=0 m=0

=F, ()+F _1(0)[ Y k2L Y e—jk(2mL+z):| 73)

+Fn_1(L)|: Z o KI20m+DL+z] _ 2 e—jk[Z(m+l)L—z]:|

m=0 m=0

Introducing the expression for F,_(z), eqn (38b) and rearranging, we get

In (2)= B{I(n_l)(z)} _B{I(n_l)(z)} |z:L

1
21n(2h/a) |:

- —Jjk[(2m+1)L—z] —jk[(2m+1)L+z]
PNC —e ) (74)

m=0

D . —jk(2mL+z —jk[(2m+1)L—
_D{I(”‘l)(Z)}L:o 2 (e’ (@mL+z) _ o= jkl(2m+]) z])

m=0
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It is now straightforward to convert eqn (74) in time domain

i (Z» )= 2In (2h/ )[ {(n 1)(2,0}2[ Z( {(n 1)(Z’t)} (2m+1)L Z

-D {i(n,l)(z,t)}Z:L o, @z * D {E'(nfl)(z’ t)}7_0 o, 2mLz
IR i

D{(n 1)(Z’t)} (2m+1)L 2 H (75)

where the time-domain integral operator D {in (z, t)} is given by the inverse Fourier
transform of eqn (28)

D{i (z,0)} = 2In(2h/a)i, (z,1)

[ R el N R i) W

o J& ) +ad J& )% +4h?

(76)
After some mathematical manipulations, eqn (76) can be written in the following
form more suitable for a numerical integration:

(L—z+m)(Z+VZZ+4h2)
(L—z+m)(2+\lzz+az)
L|i,(z,1)— (z t— m/)

'([ \/(z z) +a’
in(z,t)—in(z',t—m/c)

- N d

It is important to note that the summation in eqn (75) has a finite number of terms
since

D{i (z,)} =i,(z,1)In

(77)

D{iy,_p(z.D}],,=0 forz<0 (78)

Similar to the frequency-domain solutions, the zeroth iteration term is determined
by using the TL approximation; the following terms i (z,f) can be calculated as a
function of the previous term i, ,(z,t) using relations (75) and (77), which involve
only one integration along the line length.
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Figure 9: Comparison of the proposed iterative method with the solution obtained
using NEC, for a 20 m long, 5 m high overhead wire above a perfectly
conducting ground. The current is calculated for the coordinate z =17 m.

The above procedure is compared with results obtained using the Numerical
Electromagnetics Code (NEC) [12] for a line of finite length, considering a 20 m
long, 5 m high wire above a perfectly conducting ground illuminated by an inci-
dent plane wave with an azimuth angle ® = 0° and an elevation angle 0 = 90°. The
incident electric field, parallel to the wire, is defined as

E'(1)= Ey(e™™ —e " )y(r) with E, =65kV/m, a, =4x10" s, a, =6x10%s™
(719)

In Fig. 9, we present the ‘exact solution’ obtained using NEC superimposed
with the TL approximation (zero order) and the first-order solution for the induced
current at z = 17 m. It can be observed that a noticeable improvement of the results
it achieved after only one iteration. In particular, the computed peak current after
the first iteration is practically identical to the NEC results, whereas the TL approx-
imation leads to an error of more 20%.

2.6 Discussion of the convergence of the procedure for a finite line

In this section, we discuss the convergence of the developed method for the case
of a finite horizontal open-circuited line, excited by a plane wave equations (45)
and (46). The zero-order iteration for the induced current can be easily found by
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the solution of the telegrapher’s equations (32) and (33) with the boundary condi-
tions (36):

itk +RL _y . o 2UkL _ =ik +h)L

10 (ja),z) = 10’0 (]Q)) WQ_J T4 ejkz+e_jk,z (80)

| — 20k
where [ ,(jo) is the amplitude of the current induced by the incident plane wave in
the infinite horizontal wire given by eqn (58). The general solution for the current
of nth iteration, n = 1, I (jo, z), is given by eqns (40) and (41) already presented
in Section 1.

A careful examination of the iteration series and analysis of the results allow
us in making the following observations. For some frequencies, a fast conver-
gence of the iteration procedure is observed (see e.g. results of Fig. 10). How-
ever, for values close to the resonant frequencies of the wire (w, = men/L,
n=1,2,3,...), the iterations series diverges (see Fig. 11). This phenomenon
can be explained by looking closely at eqns (40) and (42). The term in the
perturbation series which appears after manipulations of the first two terms in
the square brackets in the zero-iteration current expression (80) contains as
expansion parameter not 1/2In(2h/a), but 1/[(1-exp(-2jkL))2In(2h/a)]. 1t is
obvious that when this parameter is about, or larger than one, the iteration
series diverges.

It is, however, possible to cope with this problem. In the denominators of eqns
(80) and (40), the exponent is actually multiplied by the square of the current
reflection coefficient at the line terminals

1 . . 1
I—exp(-2jkL)  1-R”exp(-2jkL)

(81)

In the TL approximation, this reflection coefficient is R = —1, resulting in eqns
(40) and (80). Instead of R = —1, we can use the exact reflection coefficient for the
semi-infinite line (eqn (61)), or the reflection coefficient with electrodynamical
corrections (69), improving the convergence of the iteration series. However, near
the terminal, this solution does not satisfy the boundary conditions. A consistent
theory for the case of a finite-length, terminated line excited by an external plane
wave is presented in Chapter 5.

Now, let us discuss the convergence of the iteration procedure in the time
domain. In Fig. 12a—c, we present the zeroth, first and second iteration terms i (D),
i,(#) and i(?) corresponding to the case of Fig. 9. As it can be seen from this figure,
the current envelope for the nth iteration increases as #”. (It can indeed be shown that
the nth iteration term in the frequency domain has a term ~(1 — exp(—2jkL))"""*D
(n + 1 — order pole), the inverse Fourier transform of which brings a factor #.)
However, the accuracy of the iterative procedure can be verified by the usual
perturbation theory, which requires that the present iteration must be much smaller
than the previous one. Numerical calculations show that this requirement is satisfied
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Figure 10: Convergence of the iteration series to the ‘exact’ NEC solutions. L =
10m, h=05m,a=1x103m, =45 k=3 m.

for the first and second terms for several early time periods, when the maximum
stress occurs. In Fig. 12d, we have presented again the zeroth iteration term i (¢) (TL
approximation) superimposed with the sum i(7) + i,(7) + i,(¢) which can be consid-

ered as the corrected

solution. It can be seen that while the envelope of the TL

solution i((?) is constant due to the absence of any losses, the envelope of the cor-
rected induced current iy(f) + i,(f) + i,(f) show a decrease as a function of time.
This decrease corresponds to the line radiation.
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Figure 11: Frequency dependence of the ‘exact’ NEC solution and iterative solutions
for the observation pointz=0.5m. L=10m,2=0.5m,a=1 x 103 m,
0 =45°.
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Figure 12: Zero (TL), first and second iteration terms for the case presented in Fig. 9.
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3 Propagation of high-frequency current waves through a
line bend

3.1 Statement of the problem

The current along a uniform TL (horizontal infinite straight wire parallel to a per-
fectly conducting ground) can be represented as a sum of a forward propagating
wave exp(—jkl) and a backward propagating wave exp(jkl). Further, no radiation is
associated with such a line [7, 11].

Radiation effects appear when the uniformity of the line is disturbed [13]. In
particular, for lines of finite length, the line uniformity is disturbed near the termi-
nals of the line. Non-uniformities also arise in presence of ‘bends’ in the line (see
Fig. 13). This is an important problem in electromagnetic compatibility and has
been the subject of many recent publications [14—18]. In this case, radiation occurs
in the ‘near-bend’ region. Quantitatively, the current distribution along the non-
uniform line, sufficiently far from the near-bend region, can be described in terms
of complex asymptotical reflection and transmission coefficients R and D, associ-
ated with the bend

=i e_jkl+Rejkl, [<-2h
o De M, 1<2h ®2

The total radiation of the bend can be also expressed in terms of coefficients R and
D [15]. Usually, these coefficients are determined using numerical algorithms such
as the method of moments (e.g. [14, 15]).

In this section, we derive analytical expressions for the reflection and transmis-
sion coefficients associated with the bend. To do this, we generalize the iteration
approach developed earlier (see [19] and Section 2) to deal with a non-straight
wire. First, electric field integral equations for current and voltages in the line are
derived under the thin wire assumption. Again, these equations can be written in a

exp(-7k)+R exp(ikl)

Figure 13: Configuration of the problem and the coordinate system.
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TL-like form but with additional voltage and current source terms representing the
electrodynamics corrections to the TL approximation. These additional source
terms disappear at low frequencies k2 — 0. The solution of these equations by the
iterative approach yields the reflection and transmission coefficients. The derived
analytical expressions are compared with numerical results published in the litera-
ture. The developed analytical expressions can also be used to evaluate the radi-
ated power associated with line bend.

3.2 Characterization of the line bend: derivation of the electric field integral
equations

Consider a lossless current filament of infinite length above a perfectly conducting
ground. The TL has a bend characterized by an angle . in the origin of coordinates.
We assume that the line is in presence of an external electromagnetic field.
The boundary condition on the surface of the non-rectilinear wire {/} implies
that the total tangential electric field should be equal to zero on the surface of the
wire

(E° +ES)5,|{]} =0 (83)

In eqn (83), E° is the exciting electric field obtained by the sum of the incident
electric field E' and the ground-reflected field E", both determined in absence of
the wire; E® is the scattered field, which represent the reaction of the wire to the
excitation field. The vector ¢, in eqn (83) is a unit vector tangent to the curve {I}
along the wire axis. For the geometry of Fig. 13, the unit vector ¢; is

<0

é,
4
a)= {Ey sina+é_ cosa, (20 84

where [ is the current length along the wire and a is the angle of the bend (see Fig. 13).
Again, we use the thin-wire approximation in which it is assumed that the current
and charge densities are distributed along the wire axis and the condition (83)
satisfies in the surface of the wire [7].

As for the case of a straight wire, the scattered electric field, produced by the
charge and current densities p and J, can be expressed in terms of scalar and vec-
tor retarded potentials (2). In the considered present case, to obtain the potentials
integration has to be performed along a non-straight wire

A(F )—— J 1(1)e, (") g(F,7"(I"))dl’ (85a)
T

OF) = fI(l )p’) g7 (1)) dl’ (85b)
o

where !’ is the natural coordinate along the wire (current length of the curve {I}),
F=xé, +yé, +zé_ is measured from the origin to the observation point, ()
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from the point [’ on the curve {I} to the origin, I({") and p(1’) are the current and
change density along the wire, and g(7,7") is the scalar Green’s function (5) for
the semi-infinite space bordered by the perfectly conducting plane.

For the considered case of Fig. 13, the coordinates of the axis of the wire is
defined as

h,0,0), [<0
ﬂb={( ) A (86)

(h,Isina,lcosa), [=>0

and the equations for the scalar and vector potentials can be written as

1 0 o NG +y"+(z=1') N G
()= Jdl’p(l') 2, .2 2 2, .2 2
4mey Ja=n? +y2 4= Jx+h? +y> +(z-1)

. [ Ge=hY +(y—1sin @) +(z—1 cosa)’

\/(x—h)2 +(y—=1"sina)* +(z—1’"cosa)’

-
+—— | dl'p(l’
47580{ p")

efjk\/(x+h)2 +(y=I"sina)’ +(z—1’cosa)’

_ 87)
Je+h +(y—1sina)’ +(z -1’ cosa)?

0 — jkJ(x=h)? +y* +(z=1')? — k) 4y +(z—1)?
- e e
Ay =to j driie
4

Na-n? ey +@-1) B Jarh? +y? 4 -1

o JleJ(x=hY +(y—1 sina)? +(z—1’ cos a)?

+Z_0jdl'1(z’)(éy sina+¢é_cosa) > ;e 2 ’ 2
T JOe=h? +(r=1'sina)? + (21’ cosa)

o e CethY +(y=1 sina)? +(z=1'cosa)’

Ja 1 +(—Isina)? + I cosa)’ (8%)
y—=1l"sina)” +(z—1"cosa)

After calculating the retarded scalar and vector potential, when the field point is
on the wire’s surface (7 =7(/)+aé, ) and making use of eqn (2), it is straightfor-
ward to obtain the following set of equations for the induced current and charge
density.

Forl<O0

U'=-nIrianydr
e B U

—oco

wm+w%{°

+cosaj g (\/1’2 +1* =20'"lcosa )I(l’)dl’} =E () (89a)
0
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l 0 ’ ’ ’ T ’ ’ ’ ’
() = rE [_J;g(l ~Dpydl +£g(\/l 24220 lcosa)p(l )dl:| (89b)
Forl>0
() . ¢ , o
T+1wﬁ[cosa_£g€/l 2yP-21 lcosa)l(l )dl!
- (902)
G —l)I(l’)dl’} = ES(I)
0
0 \/ oo
_ 72 2~y ’ ’ ’r_ ’ ’
() = T [_{, g(l +12 =2 lcosa) p()dl’ + { (' =Dp(l )dl} (90b)

The scalar Green’s function on the wire g(z) is given by eqn (7).

After substituting the expression for the scalar potential equations (90b) and
(89b) into eqns (90a) and (89a), and using the continuity equation for the current
and charge density along the wire

__ 1 di
p)= o dl 91)

we obtain the following equations describing induced current along the non-
uniform line.

Forl<0
d2 5 0 oo ) 82
—+k U'=01)INHdlI"+ || k° cosa —
dr? L sl=0iy { oLl
X g 6/1'2 +1% =2l'lcosa )I(l’)dl' = —4me, jwEf (1) (92)
Forl/>0

2

0
| (kz cosa— a?ar}g (/1'2 +12 =20'lcosa )I(l’)dl’

2 0
+(j7+ sz [ s =10y dr’ = ~4me, jeoEs (1) ©3)

—oo

Consider now the equations for low-frequencies, where 2kh << 1, and for the
points along the line sufficiently distant from the bend, i.e. when |/| >> 2h. Under
these conditions, it can be shown that the second term in eqn (92) and the first
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term in eqn (93) become negligible [13]. On the other hand, analyzing the function
g(l” =) (see Section 2.1 and [19]), it can be shown that for / < 0

0 oo
j (" =DII)dl’ = j g’ =DIW)dl’ = 21n(2h1a) I(]) (94)

—oo —oo

Also the same result is obtained for / > 0.
Therefore, in the low-frequency approximation, the set of eqns (92) and (93)
can be put in the form of a second-order differential equation

a . 2mey .
I = —joo—""0 Eeq
(dlz+ j() o anra B O (95)

Equation (95) is the usual form of the coupling equation for the induced current
in the TL approximation [7] for which analytical solution may be obtained using
well-known mathematical methods.

It is possible to show that the exact coupling equations (92) and (93) for an
infinite line with a bend can be written in the TL-like form (eqn (95)) but with an
additional integral term Db{l (D)} representing the correction to the TL approxi-
mation and taking into account radiation effects. (The derivation is in analogy with
the derivation of the coupling equations for the finite wire above a perfectly
conducting ground in Section 2.1.) This equation reads

a Cmey . =
(d12+k ]I(l)— JCU—IH(2h/a)E1 O+ Dy {I(1)} (96)
in which
D {I()} = (d*/dPP+ k> Fy (D) + Fy, (1) )

and the functions Fy () and F,,(0) are given by

0
E,({ID}) =m[21n(2h/a)l(l)— j g’=DI(") dl’} (98)
_ 2 _ 7”2 2 _ ’ ’ ’
F,{I(O}) _—21n(2h/a) _([[k cosa 8[81']g6/l +1° =21 lcosa)[(l )dl
99)
for [ <0, and

Fy (I} = 2In(2h/a)I(l) - j s’ =DI(") dl’] (100)
0

2In(2h/a) {
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_ 1 t 2 82 ) 2 ’ , ’
sz({I(l)})_mf(k cosa—alal,)g(/z +1 —2llcosa)1(l)dl

—oo

(101)
for > 0.

3.3 Iterative solutions of the electric field integral equation

As in the case of straight wire (see Section 2.2), the quantity 1/2In(2h/a) appearing in
eqns (96)—(101) is much smaller than 1 for thin wires and it is convenient to solve the
derived eqn (96) using the perturbation theory around this small expansion param-
eter. Thus, the unknown induced current is decomposed into the following series

IO =IO+ L,()+ 1, +--- (102)

where the zeroth iteration term [ (/) is determined from the TL approximation
(95). Eyery next term /, () is the solution of the TL-like eqn (96), but with a source

term D, corresponding to the previous iteration /, , in other words,

2
(;17+kzjln(l)=bb{ln—1(l)}, nx1 (103)

Therefore, the magnitude of the nth iteration will be proportional to I (/)~
(172In(2h/a)).

Previously in this chapter, it has been shown that the above iterative method for
the case of straight infinite and semi-infinite wires yields excellent approximation
to the exact solutions after only one iteration and for high frequencies (ki up to
several unities).

Now, the developed method will be applied to evaluate the current reflection and
transmission coefficients associated with the line bend. In this case the external
electromagnetic field is assumed to be absent

E/()=0, —oco<i<oo (104)

If the source is located at —o, the current wave travelling from —eo is partially
reflected from the bend and partially transmitted to +eo. The complex amplitudes
of the reflected and transmitted waves are described by the coefficients R(jw) and
D(jw). Using the perturbation theory and eqn (102) for the induced current, the
reflection and transmission coefficients can be decomposed to

R=Ry+R +R,+-- (105a)
D=Dy+D, +D, +-- (105b)
The zeroth iteration term, solution of eqn (95) is

I,()=Te™M (106)
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and the reflection and transmission coefficients have the trivial values
R, =0, D,=1 (107)
The first iteration is given by the solution of the non-homogeneous differential
equation (103) with n = 1 and a source term given by eqns (97)-(101), (106). It
is convenient to solve the differential equations separately in the / < 0 and / > 0
regions and join the obtained solutions afterward.
The general solutions of eqn (103) for negative and positive values of /, which
take into account the correct boundary conditions at infinity (82), read

.0
L= {Fbl {fe ™y~ 2J—k [ e MR, Te My ar + Cleﬂd} (108)
for [ <0, and
L(=1 { F, {le ¥} —;—kj e Mg (T Mydr + Cze_jkl} (109)
0

for [ > 0. In eqns (108) and (109), the solutions of homogeneous differential equa-
tions e 7 for [ < 0 and e/* for I > 0 can be dropped since the bend can generate
only outward current waves.

Using the fact that in infinity [19]

lim F,{I(D}=0 (110)
[—+o0
it is possible to obtain the following expressions for the first-order corrections

to the reflection and transmission coefficients R; and D, through unknown coef-
ficients C, and C,

.0
R =C, -zik [ e VR, (e My ar (111)
D, =C, —ije_jk‘l’_l‘sz{ie_jkl ydl’ (112)
0

To determine the coefficients C; and C,, it is necessary to impose that the solutions
(108) and (109), as well as their derivatives (which are, up to the factor, charges
per-unit length), are continuous at [ = 0. After some straightforward mathematical
manipulations, we obtain the following expressions for the first-order corrections R,
D, to the reflection and transmission coefficients R, and D,,. These expressions are

j T
R =———|2|sinkl g(l)dl —k(1+cos
! 21n(2h/a){ ! nkl g()di ~ k(1 +cosa)

oo 0
x jdz j dl’ cos(k(I+1)) g (\/1'2 +12 ~2l'lcosa )] (113)
0 —oo
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D =— k—cosa)[di [ dI’ cos(k(t’ -1 (l'2+12—2l'lcosa)
= S K )j j k(' ~1)g (V.

(114)
Finally, the expression for the reflection and transmission coefficients R and D
(including the zero and the first iterative terms) read

R=~Ry,+R =R, (115a)
D=Dy,+D,=1+D, (115b)

From eqn (114), it is obvious that for a = 0, D, = 0. Making a change of variables

(x, =1+1’, x, =I’—1) in eqn (115a), it is possible to show that for a =0, R, = 0.

3.4 Validation of the proposed method

The analytical expressions (113)—(115) obtained in Section 3.3 for the coefficients
R and D are not convenient for a numerical integration because of the double inte-
gration over infinite intervals. It is, however, possible to find a more convenient
form of these equations by making the following change of variables:

_N[ _cosp  sing
B (sin(a/2) cos(a/Z)J (1162)

kl':ﬁ( cosp Sy ) (116b)

sin(a/2) cos(a/2)

The expressions (113) and (114) are then modified to the following forms, more
suitable for a numerical integration:

I R Py ~ "
R, = SIn2hI ) lZ!sm Eg(&lk)de Ctg(a/Z).(l;rl e(nlk) dy

a/ZJ‘TE/Z n
do cos( - cos (0J 117)
—a2-n2 sin(a/2) (
. al2—m/2
D, = étan(aQ)J‘ ngikydy [ dpcos| —T—sing | (118)
21In(2h/a) cos(a/2)
—al2—m/2

Figures 14 and 15 present a comparison between our results and those obtained
using the method of moments and reported in [15] for both reflection and transmis-
sion coefficients. We considered a horizontal wire with a radius @ = 5 x 10 m
located at a height 4 = 0.3 m above a perfectly conducting ground. The bend angle
is a =90°. It can be seen that a very good agreement is found between the numerical
method and our proposed approach, over a wide range of frequency for which the
TL approximation looses its validity.
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Figure 14: Reflection (a) and transmission (b) coefficients (magnitude) as function
of frequency.
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Figure 15: Reflection (a) and transmission (b) coefficients for the straight line
bend (h =0.5 m, a = 1 mm) as a function of frequency for the different
bend angles.

In Fig. 15, we present frequency and angle dependence of the magnitude of
the reflection and transmission coefficients, corresponding different bend angles
a=30°,60°,90°, 120°, 150°.

As one would expect, the reflection and transmission coefficients are close to
their TL values (R = 0, D = 1) for the low frequencies kh <<1, and for small bend
angles a << 1. For higher frequencies and larger bend angles, one can observe
oscillations in the frequency dependencies of these coefficients, which are con-
nected to the excitation of current eigen modes (leaky modes). These exponen-
tially decaying eigen modes v appear together with spreading out TEM modes and
radiation modes near any non-uniformity of the wire, where the pure TEM wave is
scattered. The eigen modes have the form exp(jk, 1), where Im(k) < 0. The
detailed analytical investigation of these different types of modes can be carried
out analytically for the case of infinitely long, straight wires near the ground
excited by a lumped source [20, 21].
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3.5 Radiated power

The knowledge of reflection and transmission coefficients allows also the evalua-
tion of the radiated power associated with line bend. The radiated power P_, can
be expressed as

Prad = Pinc _Plr _Pref (119)

in which P, , P, and P ; are, respectively, the incident, the transmitted and the

reflected power at the discontinuity and are given by [15, 22]

Po- Ze || _Z|IF (120a)
inc — 7 - 2
2 ~ 12
_Z |14 _Z |iD| (1200)
tr 2 2
2 ~ 12
P = ZC |Iref| — ZC |IR| (120(:)

ref = 2 2

where I is the amplitude of the initial current, Z¢ = /gt /&, / 21 In(2h/a) is the line
characteristic impedance.
Inserting eqn (120) into eqn (119) yields

Pog/Poc = 1—‘RZHDI2 (121)

In Fig. 16, we have represented the radiated power computed analytically using eqns
(121), (115), (117) and (118) as a function of frequency, for the same configuration
as in Fig. 14. On the same figure, we have plotted numerical values obtained using
the method of moments in [14]. It can be seen that the proposed analytical approach
yields results which are in reasonable agreement with ‘exact’ numerical values. How-
ever, due to the square dependence in eqn (121), the agreement is less good for the
radiated power than for the reflection and transmission coefficients. To improve the
agreement, higher-order iterations need to be considered in the perturbation theory.

For a quantitative characterization of radiation losses in the bend, we introduce
the ‘radiation resistance of the bend’ R, as

Py=R|I/2 (122)
then from eqns (120)-(122), we have
Rrad :ZC(1_|R2|_|D|2) (123)

The radiation resistance for a straight line bend for different angles of the bend
is presented in Fig. 17 in comparison with the characteristic impedance of the line.
We can observe that no significant radiation occurs at low frequencies and small
bend angles. For higher frequencies, however, radiation of the bend becomes
significant compared to the full power of the initial current.
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Figure 16: Radiated power as a function of frequency.
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Figure 17: Radiation resistance for a straight line bend (A =0.5m,a=1 mm) as a
function of frequency for different bend angles.

4 Conclusion
The iteration approach described in this chapter allowed the taking into account of

electrodynamics corrections to the results of TL approximation for high-frequency
electromagnetic fields coupling with transmission lines of different geometric
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form. The method is based on the electric field integral equation for the pair
current—potential which is written in a TL-like form, but with addition integral
terms accounting for electrodynamics corrections. This form is convenient for
iterative solution, where the zeroth iteration term is determined by using the TL
theory. The perturbation expansion is based on the small parameter 1/2In(2k/a). In
the case of a straight wire, the corrections can be obtained in an explicit form. As
the parameter of decomposition is frequency independent, it is possible to make a
simple transformation of the obtained results in time domain.

One of the limitations of the method in the present formulation is that it does not
take into account the vertical elements and loads of the line at its two ends. This
can be done, if we use a more general electric field integral equation for the loaded
wire of arbitrary geometric form [23] and generalize the iteration approach [24].

Another disadvantage of the method is the divergence of the perturbation series
for high quality-factor systems near the resonant frequencies. This problem can be
coped with if we use general equations for the reflection coefficient (instead of the
TL approximation), which take into account radiation losses. The corresponding
theory will be described in Chapter 5. In the same time, the method yields good
results for semi-infinite lines (when re-reflections are absent), as well as in non-
resonant frequency regions for finite systems. Often, only one iteration is enough
to obtain an excellent agreement with the exact solutions.

Finally, it is also worth mentioning that the choice of the solution of the classical
TL approximation with constant parameters as zeroth iteration for the perturbation
solution of the electric field integral equation in this chapter is quite arbitrary. An
important question is: could one minimize the correction term in the TL-like inte-
gral equations by an appropriate choice of the parameters of the zeroth iteration?
An attempt to answer this question was made in [25], where the integral equation
was reduced to the non-homogeneous TL equations with real /-dependent anti-
diagonal parameters (real per-unit-length inductance and capacitance) and only
zero-order iteration was considered. On the other hand, in [26], it was proved that
the electric field integral equation for a wiring system excited by two independent
sources (lumped voltages, lumped impedance, etc.), could be reduced to a non-
homogeneous TL equations with anti-diagonal as well as diagonal parameters.
These parameters depend upon the coordinate along the line, are complex valued and
their imaginary part is connected with radiation of the system (see also [23, 27, 28]).
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High-frequency electromagnetic field coupling
to long loaded non-uniform lines: an
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Abstract

In this chapter, we present and validate an efficient hybrid method to compute
high-frequency electromagnetic field coupling to long loaded lines, when the
transmission line approximation is not applicable. The line can contain additional
discontinuities (either a lumped impedance or a lumped source) in the central
region. In the proposed method, the induced current along the line can be expressed
using closed form analytical equations. These expressions involve current waves
scattering coefficients at the line non-uniformities, which can be determined using
either approximate analytical solutions, numerical methods (for the scattering in
the line near-end regions), or exact analytical solutions (for the scattering at the
lumped impedance in the central region). The proposed approach is compared
with numerical simulations and excellent agreement is found.

1 Introduction

The present study considers the important electromagnetic compatibility (EMC)
problem of high-frequency electromagnetic field coupling to long transmission lines
(TLs). We assume that the frequency spectrum of the exciting field and the transverse
dimensions of the line are such that the TL approximation is not applicable. To solve
such a problem, one generally resorts to the use of numerical methods (e.g. method
of moments) based on the antenna theory. However, a pure numerical method allows
to have a general physical picture of the phenomena, only after large series of calcula-
tions. Moreover, a systematic use of such methods usually needs prohibitive computer
time and storage requirements, especially when analyzing long transmission lines.
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Exact analytical expressions of induced current have been developed for
the case of infinite overhead lines [1, 2]. Using those expressions, it has been
shown that corrections to TL approximation can be considerable under certain
circumstances.

In [3, 4] (see also Chapter 4), a system of equations is derived under the thin-
wire approximation describing the electromagnetic field coupling to a horizontal
wire of finite arbitrary length above the ground plane. The derived equations are
in the form of telegrapher’s equations in which the electrodynamics corrections to
the TL approximation appear as additional voltage and current source terms. Based
on perturbation theory, an efficient iterative procedure has been proposed to solve
the derived coupling equations, where the zeroth iteration term is determined by
using the TL approximation (see Chapter 4). However, this method (as formulated
in [3, 4]) does not take into account the vertical elements and loads of the wire.
Another disadvantage of the method is the divergence of the perturbation series for
high-quality-factor systems (e.g. a horizontal open-circuited wire) near the reso-
nant frequencies.

In this chapter, we consider the case of a long line, excited by a plane electro-
magnetic wave. The line can be terminated at each end by arbitrary impedances
(with vertical elements), a configuration that requires taking into account the inter-
actions between wire sections with different directions. The line can contain an
additional discontinuity (in the form of a lumped impedance or a lumped source)
in the central region.

The proposed hybrid method to compute high-frequency electromagnetic field
coupling with a long line will be based on the specific features of wave propaga-
tion along long wires, as described next. An exciting plane wave generates fast
current waves (i.e. with phase velocities larger than the speed of light) along an
infinite straight wire parallel to a perfectly conducting ground. This current wave
radiates uniformly along the line [5—10]. When the homogeneity of the line is
disturbed by a discontinuity (lumped impedance or lumped source, vertical ele-
ments of the line, bend, etc.), the current distribution near the discontinuity
becomes more complex, involving different propagation modes, namely trans-
verse electromagnetic (TEM) modes, leaky modes (which are attenuated expo-
nentially with the distance), and radiation modes (which are attenuated as 1/r", r
being the distance). The exact analytical solution of this problem is known only
for the case of a lumped source (lumped impedance) in an infinite wire (see, e.g.
[11-13]), or for the case of a semi-infinite open-circuited wire [14]. At distances
large enough from the discontinuity, in the so-called ‘asymptotic region’, only
TEM modes ‘survive’, which propagate along the line without producing any
radiation [8, 15, 16]. The amplitude associated with the TEM modes can be
expressed in terms of scattering coefficients. These TEM modes, in turn, will
scatter when reaching line discontinuities, near which, again different type of
modes will be present; however, enough distant from the discontinuities in the
line asymptotic region, the only ‘surviving’ mode is TEM, and the scattering pro-
cess can be described by the reflection and transmission coefficients. To obtain
the global solution, we have to consider the scattering associated with each line
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discontinuity and join the solutions in the asymptotic region(s). As a result, we
will obtain a closed form analytical expressions for the induced current along the
line [5, 6, 17, 18]. These expressions involve scattering coefficients for different
types of current waves on the line discontinuities, which can be determined using
either approximate analytical solutions, numerical methods (for the scattering in
the line near—end regions), or exact analytical solutions (for the scattering near a
lumped impedance in the central region [18]). The proposed approach will be
compared with numerical simulations.

2 High-frequency electromagnetic field coupling to a long
loaded line

2.1 Asymptotic approach

Consider a long current filament of finite length above a perfectly conducting
ground, in presence of an external plane wave (see Fig. 1). The line is loaded at its
terminals by impedances Z, and Z,.

2.1.1 Solution for the induced current in the asymptotic region

The exact spatial dependence of the induced current can be determined by the
solution of the one-dimensional (thin wire approximation) Pocklington’s elec-
tric field integral equation [19]. The examination of this equation for long lines

Asymptotic region
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|
|
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|
|

/ . //// z
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L >>2h

Figure 1: Geometry of the long terminated line excited by an external plane wave.
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(L >> 2h) has shown that the current distribution along the line may be divided
into three regions as illustrated in Fig. 1 [5]. Regions I and III are located near
the terminal loads. The main region II is constituted by portions of the wire suf-
ficiently far from the terminations, i.e. [, <<z <<L-l .. 1In this central region,
called hereafter the asymptotic region, the influence of electromagnetic fields aris-
ing from the load currents may be neglected in comparison with the fields gener-
ated by the currents along the wire [5]. The value [, ., depends rigorously upon
the modes generated near the line discontinuities, i.e. lumped loads and vertical
elements. However, for most cases of practical interest when kh <= 1, a value [
equal to about 2/ can be adopted.

Therefore, we postulate that the general solution for the current along the
asymptotic region can expressed as a sum of three distinct terms

bound

I(z) = Iy exp(—jk z) + I, exp(jkz) + I, exp(—jkz) (D)

where k = w/c, and kl =k cos 0, where 0 is the elevation angle of the incident field
(the azimuth angle ¢ = 0).

The first term is a forced response wave, which corresponds to the induced cur-
rent on an infinitely long wire. The second and the third terms are positive and
negative travelling waves and the coefficients /, and 7, depend upon the respective
geometric wire configuration and loads at the two line terminals.

The coefficient [, of the forced response wave is determined from the solution
of the Pocklilngton’s equation for the case of an infinitely long wire [19]

(@1d+ 1) [ g2 - DIV = —4mey joES (h2), ka<<l — (2)

in which 1(z) is the induced current, and g(z) is the scalar Green’s function given by

efjk\/ 7 +d’ efjk\/z2 +4h?
8(2) = J -

3)

Z +a’ \/z2+4h2

The term E;(h,z) is the tangential exciting E-field at the line height, which, for the
case of a vertically polarized plane wave is given by

ES(h,2) = E'e/M (1—e 2500 \sin 0 = ES (h, jow)e )

The analytical solution for the coefficient of the forced wave for the case of a verti-
cally polarized exciting field is given by [20] (see also Section 4.2.3)

/ 1 4 cE; (h, jo)

= , ka<<l (5)
0 Joon, sin” 6 21n(2/y ka sin ) —jn+jnH((]2) (2kh sin 0)

In order to determine the coefficients /; and I, of the positive and negative travel-
ling waves for an arbitrary frequency of the exciting field, it is necessary to know
the exact solutions for the induced current in regions I and III, which may be
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obtained by solving Pocklington’s equations in these regions using a numerical
method (e.g. method of moments). It is worth nothing that Pocklington’s equation
uses as source term the tangential component of the exciting electric field along
the wire and along the conductors of the load impedances.

To obtain the coefficients from the numerical solutions near the line ends, it is
necessary to consider an intermediary step, which consists of defining two semi-
infinite lines as shown in Fig. 2. (The semi-infinite line configurations will also

x
' i
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Z,| |1 |n 1 l m |17,
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.../ ../_.-'./, .://._.,_../ /_,v/. ..,.-'/_ /',.-'/ o _../ / L .'./ /".'_I/. /__ ..',J/_ 'f“__l- =
()

Figure 2: Geometry for the original line (a), the right semi-infinite line (b), and the
left semi-infinite line (c).
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allow us to obtain analytical expressions for the induced current near and at the
two extremities of the long line, as we shall see in Section 2.1.2.) The right semi-
infinite line extends from the line left-end to +oo (Fig. 2b), and the left semi-infinite
line extends from —ee to the line right-end (Fig. 2c). The general solution to this
problem can be expressed as a linear combination of the solutions for non-homo-
geneous (with external field excitation) and homogeneous (no external excitation)
problems.

The non-homogeneous solution for the right semi-infinite line (0 < z < o) and
for left semi-infinite line (—eo < z < 0) can be expressed respectively as

I£(2) = 1,¥5(2) (6)
I°(2)=1,Y(2) @)
in which
exact solution in the region, 0<z </ .
\Pi (z) = . g bound (8)
exp(—jki2) + C, exp(=jkz),  2>>lygun
and
¥ () = exact s.olution in the r.egion, ~lpounda £2<0 )
exp(—jkiz) + C_exp(jkz), 2 <<—lpgunq

In eqns (8) and (9), C, and C_ are scattering coefficients, which depend on the
frequency and the angle of incidence of the exciting electromagnetic field C, =
C,(k,0), C_=C (k0).

The homogeneous solution (no external excitation) is given by

2(2)=%%(2) (10)
1°(2)=¥°(z) (11)
in which
exact solution in the region, 0<z </ .
=4 o e bound (12)
exp(jk z) + R, exp(—jkz), 2>> 1 ound
and
exact solution in the region, —/, .4 <2<0
¥ (o) = , CEIO homd 22 (13)
exp(—jkz) + R_exp(jkz), 2 <<—lyouna

In eqns (12) and (13), R, and R_ are the reflection coefficients, which depend on
the frequency (R, = R (k), R_= R _(k)). It is important to note that both reflection
coefficients and scattering coefficients are independent of the line length.
Coefficients | and I, can be expressed as a function of the coefficients C - C
R,, and R_by considering that the induced current in the asymptotic region of the
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initial line is identical to the current in the asymptotic region for the semi-infinite
lines (see Fig. 2). The general solution for the current in the right semi-infinite line
is given by the sum of homogeneous and non-homogeneous solution

1. (2) = [,¥5() + 1 PY(2) (14)

in which [ and I , are constant coefficients.
In the asymptotic region of the line, using eqns (8) and (12), the above solution
can be written as

I, (25>l na) =1y exp(—jk;2)+ 1,C, exp(—jkz) + fl exp(jkz)+ I~] R, exp(—jkz)
= I, exp(—jk,z) + I, exp(jkz) +[I,C, + IR, Jexp(—jkz) (15)

Similarly, the general solution for the current in the left semi-infinite line can be
written as the sum of non-homogeneous and homogeneous solutions, but consid-
ering appropriate argument shifts caused by the new coordinate origin which is
shifted by a length L (see Fig. 2¢)

1_(z) = Iyexp(=jk, L)¥S (z= L)+ 1,2 (z- L) (16)
Also in the asymptotic region, we have
I_(z << ~lygyng) = 1 exp(=jk;z) + 1,C_ exp(jkz —jkL — jk,L)
+ I, exp(—jk z+ jKkL)+I,R_exp(jk z — jkL)
=1, exp(—jk2)+ LIOC_ exp(—jkL — jk, L)+ I~2R_ exp(—jkL)J
x exp(jkz)+ I, exp(— jk z+ jkL) a7

As it can be seen by eqns (15) and (17), the solution in the asymptotic region
is given in the form of the proposed three-term approximation (1). By imposing
that the coefficients for the terms exp(jkz) and exp(—jkz) are identical in eqns (15)
and (17), we obtain a linear system for the unknown coefficients I | and i2, which
yields the following solutions:

C_exp(—jkL— jk,L)+C, R_ exp(~2jkL)

I =1 18
e 1-R,R_exp(-2jkL) (1%
~ —JjkL R —2jkL — jk,L
I=1, C, exp(—jkL)+C_ +exp(. J jkiL) (19)
1-R,R_exp(-2jkL)
And, therefore, the coefficients /; and I, in eqn (1) are given by
~ —jkL — jk,L R —2jkL
I =1 =1, €. exp(-/kL = L)+ C, R exp(=2 kL) (20)

1-R_R_exp(-2jkL)
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C, +C_R_ exp(—jkL — jk,L)
1-R,R_exp(-2jkL)

1)

I, = I, exp(jkL) = I,

In this way, the induced current in the asymptotic region II is expressed analytically
by eqn (1), in which the coefficients, /,, I,, and I, are given by eqns (5), (20), and (21).
The coefficients /, and I, are expressed in terms of the asymptotic coefficients C,, C ,
R,,and R , which are independent of the line length (for a line length larger than a few
times its height) and are characterized only by the current scattering near the loads.

For simple line terminal configurations such as an open-circuit without vertical
elements, these coefficients may be obtained analytically using the iteration method
presented in Chapter 4. For the general case of arbitrary terminal loads, these coeffi-
cients have to be determined numerically (using the method of moments, for instance).
Since the asymptotic coefficients are independent of the line length, they can be eval-
uated using the numerical solutions for significantly shorter lines. In this way, the
proposed method makes it possible to compute the response of TL to exciting electro-
magnetic field with a reasonable computation time, regardless of the line length.

In order to determine the scattering coefficients, it is indispensable to consider
two lines because we have to determine four unknowns (C »C,R,,andR), and for
each line we have a set of two eqns (20) and (21). Starting from eqns (20) and (21),
written for two lines with similar configurations (by which we mean the same wire
radius, height above ground, terminal impedances, and exciting electromagnetic
field), but with significantly shorter lengths L, and L,, the following expressions for
the scattering coefficients C,, C , R, and R_and can be derived (see Appendix 1)

=12(L2)_12(Ll) (22)
I, (Ly)-1,(L)

+

U L (L)1 (Ly) — 1 (L)) (L)

c, = (23)
1, I (Ly) =L (Ly)
_ I, (Ly)explj(k+k)L,1-1,(L)explj(k+k)L;] (24)
— Ly(Ly)expljlky —k)Ly1=1,(Ly)explj(k; —k)L;]
_ 1 I (L)1, (Ly)exp(2 jkLy) — 1 (L), (L) exp(2 jkL, ) (25)

- Iy I,(Ly)explj(k—k )L 1—1,(L;)explj(k—k)L,]

2.1.2 Expression for the induced current at the line terminals

(regions I and III)
Starting from numerical solutions for the two short line configurations /(z,L,) and
I(z,L,), it is also possible to derive analytical expressions for the current at the
terminals of the original line. The solution in the left-end region (region I in Fig. 1)
for the two short lines can be expressed as (from eqn (14))

1, (z,L) = 1,%¢ (2)+ I, (L)Y (2) (26)
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1,(z,Ly) = I\¥5 () + I, (L) ¥ (2) 27)

Note that in the above two equations, the length dependence is contained only in
the coefficients I (L)) and I 1(L,), which can be calculated by eqn (18). From these
two equations, it is possible to infer the functions ¥{(z) and ‘I’E(z). After some
straightforward mathematical manipulations, we get

PO (= (et k) (28)
I(Ly) - T (L)

we (=L 1(z,L1)§<L2)—{(z,Lz)il(Lu (29)
R L (Ly)—1y(Ly)

Inserting the relations (28) and (29) into eqn (14) and considering that /, = I > We
get the solution for the induced current in the left-end region

Az, L) (Ly) = I(z, Ly (L)) I(z,L,)-1(z,L;)

I+(ZsL)|1eftend_ 1,(L,)—1,(L,) +h(L) I, (Ly)—1,(L))

(30)

Similarly, in the right-end region (region III in Fig. 1), the solution for the two
short configurations can be expressed as (from eqn (16))

(2, L) = Iyexp(—jky L) ¥ (2 = L) + I, (L) ¥2 (2 - L) 31
I_(z,L,)=1, exp(—jlez)‘Pe_(z L))+ iz (Lz)‘{’(ﬂ(z -L,) (32)

Again in the above two equations, the length-dependence is contained only in
coefficients I~2(Ll) and fz(Lz), which can be calculated by eqn (19). After some
mathematical manipulations, it is possible to inter from these two equations the
functions ¥¢(z) and W°(z)

exp(jkL)I(z+L,,L,)—exp(jkLy)I(z+L,,L,)

¥ (2) = —— P
exp(jk, L)1, (L)) —exp(jk;Ly)1,(L,)

(33)

¥ (2) _iI(Z+L1»Ll)jz(Lz)—I(Z+L2’L2)i2(L1)

= > = (34)
1y exp(—jk,L)I,(Ly)—exp(—jk,L,)I,(L;)

Inserting the expressions (33) and (34) into eqn (16) and taking into account that
L, = I, exp(jkL), we get the solution for the induced current in the right-end region

- (Z’L)|right end
exp(— kL), (L) (z = L+ L, L)~ exp(—jkL ), (L) (z = L+ L, ,L,)
1,(L,)exp(~jk,L, — jkL,)—I,(L,)exp(~jkL, - jKkL,)

= exp(—jk,L)

jk L )[(z—L+L ,L)— jk L )I(z—L+L,,L
o 1 Dexplsiry SPIRLE =L Ly L) =P UK LI~ L+ Ly L) 35)
exp(jtk, =KL )1, (L) = exp(j(k, =)L), (Ly)
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2.1.3 Summary of the proposed procedure to determine the induced current
along the line and at the line terminals

The procedure for the determination of the coefficients of the analytical expres-

sions for the induced current along a long line (Fig. 2a) can be summarized as

follows:

1. Apply a numerical method (e.g. method of moments) to compute the response
of two equivalent lines having the same configuration as the initial line, but
with shorter lengths L, << L and L, << L. Typically, it is enough to consider L,
equal to about 54 and in order to avoid numerical instability, it is desirable to
take L, frequency dependent, for example L, = L, + A/2.

Starting from the numerical solutions for the induced current on the two
above-mentioned lines, we determine the coefficients 1,(L,), I,(L,), I,(L,),
I,(L,) using the least-square method.

2. The scattering coefficients C,, C , R, R_are then computed using eqns (22)—(25).

3. The coefficients C »C.R,R, which are independent of the line length, are
used to compute the coefficients /,(L), I,(L), for any length L using (20) and
(21). The analytical expressions for the induced current along the asymptotic
region of the line (1) and at the line ends (30), (35) can be applied for the any
line length.

Note that only the first step of the above procedure requires numerical computa-
tions, which is to be performed not for the whole line structure but on two signifi-
cantly shorter lines. Therefore, the computation time can be drastically reduced for
long lines. Additionally, once the numerical solutions for the two short line con-
figurations are known, it is possible to compute analytically the solution for any
similar line configuration, but with any different line length.

2.2 Accuracy of the proposed three-term expression for the induced current
along the asymptotic region of the line

In order to validate our assumption on the analytical form of the induced cur-
rent in the asymptotic central region II, we have developed a code for the deter-
mination of the coefficients Iy, 1, 1, in expression (1), starting from numerical
solutions obtained using Numerical Electromagnetics Code (NEC) [21]. The real
and imaginary parts of coefficients [, /|, I, were determined separately using the
least-square method. It has been shown, considering several load conditions, that
the proposed expression (1) approximates very well the spatial dependence of the
induced current [6]. An example of comparison between the numerical solutions
obtained using NEC with the proposed approximate expression (1) is presented
in Fig. 3. The line is characterized by a length L = 16 m, a conductor radius a =
10 mm, and a height above ground # = 0.5 m, and is short-circuited at both ends
(Z,=0, Z,=0). The exciting field is a plane wave with f= 358 MHz (A = 0.84 m),
0 = 45°, E, = 50 kV/m. Note that, the TL approximation is not applicable to this
case because the wavelength of the exciting field is practically equal to the height of
the conductor above ground. In this figure, the abscissa / represents the coordinate
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Figure 3: Comparison of the induced current flowing along the line using the NEC
solution and the proposed approximate formula (1), with coefficients
determined using the least-square method. Angle of incidence 6 = 45°.
(a) Real part and (b) imaginary part of the current.

along the whole wire length including the vertical risers, / = 0 corresponding to
the point where the vertical conductor touches the ground and / = h to the begin-
ning of the horizontal part of the line. The total number of segments along the line
considered in the NEC code was NSeg =245.

It can be seen that an excellent approximation is found in the asymptotic region
of the line.

According to our hypothesis, the coefficient [, in the three-term spatial depen-
dence (1) should be equal to the expression (5), corresponding to the current
induced by an external plane wave for the case of an infinitely long line. Com-
parisons between the real and imaginary parts of /; obtained from a least-square
approximation from the NEC solution and those obtained using relation (5) have
also shown an excellent agreement [6]. The results of comparison for the same
case of a horizontal wire short-circuited at its both ends are presented in Fig. 4
as a function of the frequency and angle of incidence of the exciting field. Note
that the results are practically identical within the resolution accuracy of the
drawings.

Other successful tests of the proposed theory were presented in [6] by compar-
ing the results to analytical solutions for the case of simple line configurations,
such as an open-circuit semi-infinite line.

2.3 Application: response of a long terminated line to an external plane wave

The solution of the coupling equations for long terminated lines using the pro-
posed asymptotic theory is illustrated here by two examples.

First, let us consider an open-circuited wire of finite length above a perfectly
conducting ground (see Fig. 1 in Chapter 4). In this case the exact expressions for
the asymptotic coefficients can be obtained analytically using the Wiener—Hopf
solution [14] (for the coefficients R, = R = R). They can also be determined using
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Figure 4: Comparison between the real and imaginary parts of I, obtained by a
least-square approximation from the NEC solution and those obtained
using relation (5), as a function of (a) frequency and (b) the angle of
incidence.

the iterative approach of Chapter 4 (see Section 2.4 in Chapter 4 for the coeffi-
cients R, = R = R, and Appendix 2 for coefficients C, and C ).

In Fig. 5, we present a comparison between calculation results obtained by the
developed asymptotic approach and those obtained numerically using the method
of moment (MoM). The height of the wire is 0.5 m, its length L = 16 m, its radius
a = 10 mm. The wire is illuminated by a vertically polarized plane wave with
amplitude E;, = 50 kV/m, angle of incidence 0 = 45° (¢ = 0), and a frequency
f=100 MHz (kh = 1).

Figure 5 shows a very good agreement between the proposed analytical solution
and numerical simulation obtained using the MoM code CONCEPT [22]. On the
same figure, we have also plotted the results obtained using TL theory, which does
not provide accurate results.

For the general case of arbitrary terminal loads and geometrical configurations,
the asymptotic coefficients R and C are determined using a procedure based on the
exact solutions of the integral equations for two similar wire configurations, but
having a significantly shorter length (as described in Section 2.1). The knowledge
of the asymptotic coefficients R and C permits the computation of the current coef-
ficients /; and I, for any terminal line having the same terminal loads and geome-
try. In other words, the numerical solution obtained for a relatively short line
permits the analytical determination of the solution for any longer line having the
same configuration. The aim of the second numerical example is to illustrate the
use of the proposed procedure to compute the induced current by an external field
on a long loaded line.

Consider a 50 m long line with a radius @ = 10 mm, and a height above ground
h =0.5 m. The line is short-circuited at both ends (Z, = 0, Z, = 0). The exciting
field is a plane wave with E,= 50 kV/m, 6 = 45°.

Starting from the numerical solutions for the induced current on two similar line
configurations with L, = 16 mand L, = L, + A2, we determine the coefficients
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Figure 5: Current induced along an open-circuited line.

I,(L)), (L)), I,(L,), I,(L,) using the least square method. The scattering coeffi-
cients C,(jw), C_(jw), R (jw), R (jw), are then computed using eqns (22)—(25) as
a function frequency. The results are shown in Fig. 6.

It can be seen that for low frequencies (kh << 1), the reflection coefficients R,
and R tend to 1, which is the TL current reflection coefficient associated with a
short-circuit termination. Additionally the scattering coefficients C, and C_tend to
zero at low frequencies.

Let us now define the current distribution, for example, for the frequency f= 358
MHz (A = 0.84 m, kh = 3.75). Note that at the considered frequency, the TL
approximation is not valid since the wavelength has the same order of magnitude
as the line height.

The scattering coefficients C,, C , R,, R_for this frequency are as follows:

R, =R_=0292-0327] (36a)
C, =1.250-0.291; (36b)
C_ =-1.004+0.402 (36¢)

Using eqns (20) and (21) the coefficients /, and I, for a 50 m long line can be
determined as

I,(L=50m)=-6591+16.1; (37a)
I,(L =50m)=26.25+24.28j (37b)
On the other hand, the coefficient /, calculated using eqn (5) is given by

I, =—-48.43-4.72j (38)
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Figure 6: Variation of the coefficients R, R_, C,, C_, for the horizontal wire short-
circuited by vertical risers, as function of frequency.

The current along the 50 m long line is simply given by eqn (1) with numeri-
cal values for the coefficients given by eqns (37) and (38). The results for the
induced current in the near end and in the central regions of the line are pre-
sented in Fig. 7.

It can be seen that the agreement between the proposed approach and the exact
numerical solutions obtained using NEC is very satisfactory. Note that in this fig-
ure, as in Figs 3 and 4, the abscissa / corresponds to the coordinate along the whole
wire systems, including the vertical risers.

3 Asymptotic approach for a non-uniform transmission line

The asymptotic approach presented in Section 2.4 can be generalized to calculate
the current induced by an incident plane wave along a long line, which has a local
discontinuity represented by a series lumped impedance Z; at some intermediate
point (see Fig. 8). This problem can describe, for example, a cable with a damaged
shield or a shield discontinuity [23].
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end region. Left columns: real part; right columns: imaginary part.

Let us first consider an auxiliary problem represented by Fig. 9, where the line is
infinitely long. The Pocklington’s integral equation, assuming the lumped imped-
ance is placed at the coordinate origin z = 0, is given by

|

oo

[ 8@ -1

—oo

—E(h2)+Z,1(0)0(z)  (39)

! 4 + i
4meyjo\ d 22
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where g(z) is the scalar Green’s function given by eqn (3). The lumped impedance,
which is usually considered through a boundary condition, is taken into account
in eqn (39) as an additional term in the total exiting tangential field E;, accounting
for the discontinuity at z = 0 [24] '

E, = E; ~Z, 100 (2) (40)

where /(0) is the current in the impedance.

Considering that the integration in eqn (39) is carried out over an infinite inter-
val and that the kernel of the integral-differential equation (39) depends on the
difference of arguments z — ', it is possible to find a solution using the spatial Fou-
rier transform.

The general solution for an incident plane wave can be written in the form
I; @=1, 1//; (z). The subscript m indicates that the scatterer is placed in the main
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central region of the line. y (2) is the solution of the non-homogeneous scattering
problem in the main central region of the line. Let us also define:

. ‘//31 ,(2) as the solution in the central region of the homogeneous (no exciting
ﬁefd) scattering problem for a current (TEM) wave exp(jkz) incident to the load
from oo; and

i 1,1/2l _(z) as the solution in the central region of the homogeneous scattering prob-
lem for a current (TEM) wave exp(jkz) incident to the load from —ee.

Using the spatial Fourier transform and after mathematical manipulations, it can
be shown that

W (2) = exp(=jki2) + F (2) (41)
Y s (2) = exp(jkz) + Fy (2) (42)
W m— (2) = exp(jkz) + F, (2) 43)

in which, the function F, (z) is

Z, e + F (al2h,2kh, z12h)]
27 +Z, [1+ F,(al2h,2kh,0)]

F(z)=- (44)

and Z_ = \] 1y/e,(1/2m)In(2h/a) is the characteristic impedance of the line, and the
function F is

2% b
2 w 21
Fi(a, }’o’f)=i9 J n(l/a) fcos(y$)

1
2_ 2
Yo% G@,«[yg—yz) Yo —Y

dy (45)

and

—ﬂj[Héz) (a\/yﬁ -y ) - HyY (\/yé -y )] y<¥p
G (a\hi -»* )={2ma/a, Y=
2[1(62) @x/f - % )— K (\/y2 - )] Y> Y

(46)

It is important to note that the delta-function in eqns (39) and (40) is a mathemati-
cal idealization. In reality, the resistive region along the wire has a finite length
A(A = a). As far as we are not interested here in the detailed structure of this
region, it is possible to limit the integration at the corresponding wave number
k.« = T/2A. In this way, the integration convergence is ensured.
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The z-dependence of the second term in eqns (41)—(43) is similar to that of the
current induced by a point voltage source in an infinite wire above a perfectly
conducting ground. The corresponding solution can also be easily obtained by the
spatial Fourier transform. This problem is a special case of the well-known prob-
lem of an infinite wire above a ground of finite conductivity. In [11], a number of
papers on this topic were reviewed. Using methods of complex variable functions,
it was shown that F,(z) can be represented as the sum of three terms: a main TEM
mode, the sum of eigen modes (or leaky modes), and the so-called radiation mode
(the anti-symmetrical current modes in the two wire system are presented and
investigated in [12, 13]). An investigation of the z-dependence for the function
F(z) shows that for distances from the load larger than about 2h(for kh <~ 1), the
transmission line TEM mode exp(—jk|z|) predominates. Other modes decay with
the distance from the scattering load as an inverse power of z (radiation mode) or
exponentially (eigen modes), i.e. F'|(a/2h, 2kh, z/2h) — 0 .

As a consequence, we can write kel
v, (2) = exp(—jk;2) + R, exp(—jk |z|) 47)
Vi (2) = exp(jkz) + R,, exp(—jk |z]) (48)
Y- (2) = exp(=jk) + Ry, exp(—jk | z]) (49)
where R_ is the reflection coefficient given by
R,=-— “L (50)

™7 27 +Z, [1+F,(al2h,2kh,0)]

In the low-frequency limit, when kh << 1, F\(al2h, 2kh, 0) — 0 (see Fig. 10)
and the reflection coefficient reduces to the well-known TL approximation, that is
R, =-Z12Z.+Z).

Figure 11 shows the variation of the reflection coefficient as a function of kh. It
can be seen that at low frequencies (kh << 1), it reduces to the TL value.

Coming back to the finite system of Fig. 8, and according to the asymptotic
approach, we will search for a solution for the induced current in the following
form.

In regions I and II:

1) = Iy 5 )+ Ty () (51)
In regions II-IV:
1(z) = Ije NPy e (2 L) +I~21//213_(1—L1)+I~31//I%,+ (z—-L)) (52)

where L, is the distance from the line left-end to the impedance Z; .
Also, in regions IV and V:

I(z)=1e My (z-L)+ Ly (z-L) (53)
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Coefficients T » iz, i3, I~4 in the above equations can be determined considering
an asymptotic view of these solutions in regions II, IV by formulas (8), (9), (12),
(13), and (47)—(49) and taking into account that in these regions, the solution can
be written using the three-term form (eqn (1)). In this way, approximate analytical
solutions for the problem of Fig. 8 can be obtained (see Appendix 3).
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parison between the proposed approach and numerical results obtained
using MoM.

To illustrate the proposed asymptotic method, let us consider a simple model of
an open-end straight wire above a perfectly conducting ground. The height of the
wire is h = 0.5, its length L = 16 m, its radius a = 10 mm. The wire is illuminated
by a vertically polarized plane wave with an amplitude E, = 50 kV/m, angle of
incidence 0 = 45° (¢ = 0), and a frequency f = 358 MHz. The wire contains an
impedance at its centre equal to the characteristic impedance of the line, Z, = Z..
The length of the impedance region is A = 40 mm. In Fig. 12, we show a compari-
son between the proposed asymptotic method (eqns (51)—(53) with asymptotic
formulas (8), (9), (12), (13), and (47)—(49)) and numerical results obtained using
the MoM code CONCEPT [22], for the real and imaginary parts of the induced
current.

The reflection coefficients for the current wave at the ends of the line R, =
R_ =R, C,, and C_ are obtained using an iterative approach (see Chapter 4 and
Appendix 2).

It can be seen that the results obtained using the proposed approach are in excel-
lent agreement with ‘exact’ numerical results.

4 Conclusion

We presented in this chapter an efficient hybrid method to compute electromag-
netic field coupling to a long terminated line. The line can also have a discontinuity
in the form of a lumped impedance in its central region. The method is applicable
for high-frequency excitation for which the TL approximation is not valid.

In the proposed method, the induced current along the line can be expressed
using closed form analytical expressions. These expressions involve scattering
coefficients at the line non-uniformities, which can be determined using either
approximate analytical solutions, numerical methods (for the scattering in the line
near—end regions), or exact analytical solutions (for the scattering at the lumped
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impedance in the central region). The proposed approach has been compared with
numerical simulations and excellent agreement is found.

Appendix 1: Determination of coefficients R ,R_,C,,C_as a
function of coefficients I, and I,

We start from eqns (20) and (21) re-written below

1Ly = 1 C-EXPCIL = jl L)+ C,R_exp(-2jkL) ALD
! 0 1-R,R_exp(-2jkL) '

C, +C_R_ exp(—jkL — jkL)
1-R,R_exp(—2jkL)

I,(L)=1, (A1.2)

We will first ‘decouple’ the above equations to obtain the separate equations for
R, C,, and for R, C_. To do that, lets us consider the quantities I,(L)-R I,(L)
and I,(L)-R_I,(L)exp(-2jkL). After straightforward mathematics, it can easily be
shown that

L,(L)-R.1,(L)=1,C, (A1.3)
I, (L)—R_I,(L)exp(=2jkL) = 1,C_expl—j(k+k)L] (Al.4)
Now, let us write eqn (A1.3) for two different line lengths
L,(L)—-R. I (L) =1,C, (ALS)
I)(Ly) =Ry 1, (Ly) = 1, C,. (AL.6)
It is easy now to express R, and C, in terms of /, and I,

R, =2 =hE) (A7)

L(Ly) - L (Ly)

_ 1 LIL(Ly) - LIy)L (L)
I, L(Ly)~1(Ly)

C, (A1.8)

Writing eqn (A1.4) for two different line lengths yields
I, (L) — R_I,(Ly)exp(=2jkL,) = 1,C_exp[—j(k + k)L, | (A1.9)
11(Ly) = R_1y(Ly)exp(=2jkLy) = I,C_exp[—j(k+k)L,]  (A1.10)
And consequently

_ I (Ly)explj(k+k)Ly1—1I,(L;)expljk+k)L]

_= (Al1.11)
I, (Ly)expljlky —k)L,y1— I, (L)explj(k, —k)L,]
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— 1 1, (L)1,(Ly)exp(2 jkLy) =1, (Ly)I, (L) exp(2 jkL,)
Iy I,(Ly)expljk—k)L 1-1,(L;)explj(k—k)L,]

(A1.12)

Appendix 2: Derivation of analytical expressions for the
coefficients C, and C_ for a semi-infinite open-circuited line,
using the iterative method presented in Chapter 4

In this appendix, we use the iterative procedure presented in Chapter 4 to derive an
approximate analytical expression of the zeroth and the first iteration terms of the
asymptotic coefficients C, and C, for the case of semi-infinite open-circuited line
(for a right semi-infinite line (Fig. 2b), the geometry is identical to the one shown
in Fig. 1 of Chapter 4, with L — ). The system is excited by a vertically polarized
external electromagnetic wave with an elevation angle §. The azimuth angle of
incidence is assumed to be zero, ¢ = 0. For the right semi-infinite line the solution
in the asymptotic region z >> 2h can be expressed as (see Section 2.1.1)

I52)_= Io(exp(=jk2)+C, exp(~jk2)) (A2.1)
where k = w/c, k; = kcosf and I is the current induced on an infinite line, given by
the expression (A2.2), which can easily be derived (see eqn (53) in Chapter 4)

4cE; (jw)
R sin@ (H(()2) (kasinf)— H(()z) (2khsin@))

1,(jo) = (A2.2)

where E7(jo) is the total exciting (incident + ground-reflected) tangential electric field,
H{?(x) is the zero order Hankel function of the second kind [25], 7, = 1o,

The zeroth iteration term of the perturbation theory, which is determined by the
TL approximation and which satisfies the open-circuit boundary condition for z =0,
is given by

I3 o (2) = I o (exp(— jk; 2) — exp(— jkz)) (A2.3)

in which / ; is the induced current on an infinite line calculated using TL approxi-
mation [20] (eqn (58) in Chapter 4)

ES (ho) 1

(A2.4)
to 127 In(2h/a)jo sin® 0

00 =

We will derive now an expression for the first iteration term /,(z) using the general
equation of the perturbation theory for the nth iteration term (eqn (40) from Chap-
ter 4) which reduces, for the right semi-infinite line (0 <z < oo, k = k—jo, 0 — 0),
to the following expression:

10 (@) =F,(2)— F,_(0)exp(-jkz) (A25)
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Using the general equation for the function F,(z) (eqn (41) from Chapter 4) and
making use of eqn (A2.3), we can obtain the expression for the function F(z) for
the first iteration

Fy(@) = Iggle ™ —e7/]
Ly, < e K@=y +a® oIk (z=2) +4n?
2In(2h/a) | \/(z—z')z +a? \/(Z_Z,)z +4n2

}[e—]klz _efjkz ]dz'

(A2.6)
For small arguments, eqn (A2.6) yields

Fy(0)=~1y,D, (A2.7)
in which

DL __f|ewcio T Cinferran’)
' 2In(2hla) ¢ [e2 L an?

[e—jk,é _ e—jkc“] dé

(A2.8)
And, for large arguments z — oo, we get
Fy(2) Z_zm I(),o exp(—jk;2)D, (A2.9)
where
j 2j : ) .
D, =————|1-"In(ykhsin0)— H,” (2khsin 0 (A2.10)
2 21n(2h/a)[ T Y )= Hy )

To obtain the large argument expressions (A2.9) and (A2.10), we have used the
integral (eqn (51)) from Chapter 4 and the well-known formula from the theory of
Bessel functions [25]

HP (2) :01 —zn—]ln(yz/Z), where y =1.781 ... (A2.11)

The knowledge of function F|, for z = 0 and z — o makes it possible to obtain a
closed-form solution in the asymptotic region z >> 2h for the first iteration term of
the induced current /,(z). Using eqns (A2.5), (A2.7), and (A2.9), we get

I54(2) = IoolDy exp(=jki2)+ Dy exp(=jk2)] (A2.12)

The total induced current in the asymptotic region is then given by
I5(2) = IS o () + 15, (2) = Iy o{(1+ D, )exp(—jk;z) +(D; — 1) exp(—jkz)}
200

= I,o(1+ D,){exp(—jk;2) +(D; = )1+ D,) ™" exp(—jkz)} (A2.13)
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Now using eqns (A2.2) and (A2.11), and assuming D, << 1 we can write for the
current amplitude

1
lo=Too7—5-=Too(1+Dy) (A2.14)
-

and eqn (A2.13) becomes
I5(2) = Iy {exp(— jk,2) + (D, =D(1+ D) " exp(—jkz)} (A2.15)

Expanding in terms of [2In(24/a)]~! and taking the two first terms, the coefficient (D,
- D1+ Dz)*1 in eqn (A2.15) reduces to (D, + D, — 1), and eqn (A2.15) becomes

I5(z) = I {exp(—jk,z) + (D, + D, —1)exp(—jkz)} (A2.16)
The coefficient C, may be obtained by identification of eqns (A2.1) and (A2.16)
C.=-1+D,+D, (A2.17)

The coefficient C_can be determined in a similar way considering a semi-infinite
line —eo < 7 <0, for which the current in the asymptotic region z << —2h is given by
I°(z) = Iy(exp(—jk;z)+C_exp(jkz)) (A2.18)
7<<2h
It can be easily shown, following similar mathematical development, that the
expression for C_is the same as for C,, eqn (A2.17), but replacing k, by —k, in
eqns (A2.8) and (A2.10).

A comparison of the frequency dependence of the asymptotic current coeffi-
cient C(jw) for an open-circuit semi-infinite line under normal incidence (C, =
C = C) obtained by the proposed asymptotic method (Section 2.1.1) and the one
derived by iteration method (eqn (A2.17)) is presented in Fig. A2.1, and again, a
very good agreement is found.

Appendix 3: Analytical expression for the induced current
along the asymptotic region of the line containing a lumped
impedance

Let us consider the solution for the current in the asymptotic regions II and IV
(see Fig. 7).

In region II, starting from the left end of the line, using the expression (51) and
taking into account the asymptotic representation (eqns (8) and (12)), we will get

1) = Loy () + Ly} (2)

= Iolexp(=jki2)+ C, exp(=jka)l +1, [exp(jk )+ R, exp(—jka)]
Z n

=1, exp(—jk;z) + I, exp(jkz) +[C, + I, R, lexp(— jkz)
(A3.1)
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Figure A2.1: Comparison of asymptotic coefficient for an open-circuit semi-
infinite line obtained by iteration theory (curves 1 and 2) and the
one derived by the asymptotic theory (curves 3 and 4). Normal in-
cidence.

Now, starting from the centre of the line, using expression (52), and taking into
account the asymptotic representation (eqns (47)—(49)), we will get

I(z)= ]oe_jk‘LW:; (z—Lp)+ iz‘//gl,— (z—Lp+ i31//31,+ (z-Ly)

Zhloe*jlel[e*jkl(szl) +Rmejk(sz1)]+ 1~2 [e—jk(z—Ll) +Rmejk(sz')]

+ 1 [ 4 R )
=l M+ [I,R e M + LR +1,(1+R )] e™ ) 4 [ e Mt
(A3.2)

As it can be seen from eqns (A3.1) and (A3.2), the solution in the asymptotic
region is given in the form of the proposed three-term approximation (1). By
imposing that the coefficients for the terms exp(jkz) and exp(—jkz) are identical in
eqns (A3.1) and (A3.2), we obtain two equations to determine the unknown coef-
ficients il, iz’ and f3

I, = IyRe ' * b L R e + T,(1+ R, )e b (A3.3)

1,C, +I,R, = I,e™" (A3.4)
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In a similar way, using the expressions for region IV, we can obtain two other

equations for the unknown coefficients 1, I,, I;,and 1,

) R A
Le * = [ C e/ *+RL L T R e /H (A3.5)
IR /" h 4 e (1+R )+ L,e™ R, =T, (A3.6)

The final solutions for the system of eqns (A3.3)—(A3.6) are given by
iz = ]0{(] _ R_Rme—ijLz )(C+e_jkL‘ + R+Rme_jk‘L' 2 kL, )
+ R+ (1 + Rm )e_zjkLl (C_e_jk|L_jkLz + R_Rme—jle1 —ijL2 )}

x {(1-R,R e ™ )1-R R e )~R, R (1+R ) e My}

(A3.7)
Ty = Iy {(1=R.R e y(C_e Ml 4 g R b2t
+R_(1+R e 2* (C e 4 R _R_e /hbi=2ikly)

x {(1 _ R+Rme_2jkLl )(1 _ R_Rme—zjkLz ) _ R+R_ (1 + Rm )2 e—ijL }—1

(A3.8)
J, = (e -

= (e —1,C,)A; (A3.9)
I, = (e -1, )AL (A3.10)

where L, = I- L, in eqns (A3.7) and (A3.8).

Using the above coefficients, the induced current in the asymptotic regions will
be given by

In region II:

1(z) = Ije " + 1/ 4 1,e™ < (A3.11)
In region IV:
1(z) = Ipe "% + e/ + 1,775 (A3.12)
where
L=1I (A3.13)
1,=1,C, +1|R, (A3.14)
Iy = 1,C_e ML L [ R e (A3.15)

1, =1,e"™" (A3.16)
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CHAPTER 6

Transmission line models for high-speed
conventional interconnects and metallic
carbon nanotube interconnects
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Abstract

The transmission line is a powerful model to describe in a simple and accurate
way the propagation of electric signals along interconnects of different kind. The
‘standard’ transmission line (STL) model is derived under a series of assumptions
involving both the physical structures and the carried signals, which are satisfied for
a large amount of cases of practical interest. Nowadays the signal speed is growing
rapidly due to market requirements and progress in technology. As the velocity of
the electrical signals increases, high-frequency effects due to dispersion and radia-
tion losses, which the STL model is unable to describe, are no more negligible.

In the future large scale integration electronics the interconnect cross-sections will
become smaller and smaller down to nanometric dimensions. As interconnect sizes
shrink copper resistivity increases due to grain and surface scattering effects and wires
become more and more vulnerable to electro-migration due to the higher current den-
sities that must be carried. In order to overcome these limitations the use of metallic
carbon nanotubes (CNTs) as interconnects has been proposed and discussed recently.

Here both an ‘enhanced’ transmission line model able to describe the high-
frequency effects due to dispersion and radiation losses in conventional high-speed
interconnects and a new transmission line model for metallic CNT interconnects
are reviewed. Some applications to interconnects of particular interest in present
high-speed electronics and in future nanoelectronics are presented.

1 Introduction and historical background

The transmission of electric signals through metallic wires is one of the most
important contributions to the development of modern technology. S.F.B. Morse
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invented the electric telegraph in 1838 and the first commercial telegraph line was
erected in 1844, between New York, Baltimore and Washington. Nevertheless, at
that time the theory of electric circuits was still at its dawn and hardly anything
was known about the transmission of electric signals along conducting wires. The
paper in which G. Kirchhoff formulated his well-known laws has been published
in 1845.

The rapid development of telegraphic signal transmission by means of overland
lines and undersea cables (the first undersea cable was laid between France and
England in 1851 and in 1853 the first transatlantic cable was installed) gave rise to
a long series of theoretical investigations on the transmission of electrical signals
through conducting wires.

Lord Kelvin (1855) studied the effects of transients in telegraphic signal trans-
mission through long cables and formulated the first distributed parameter model
for an electric cable. He assumed that the effects of magnetic field were negligible,
and modeled the effects of electric induction by means of the per-unit-length (p.u.l.)
capacitance of the cable and the lossy effects by means of the p.u.l. resistance, so
deriving the well-known voltage diffusion equation (Lord Kelvin, 1855).

Shortly after Kirchhoff (1857), using Weber’s electromagnetic theory [1], ana-
lyzed the transmissions of electric signals through two wires with finite conductiv-
ity, including the effects of the magnetic field, and obtained what we can define as
the first transmission line model [2]. He deduced that the electric signals propagate
along the conductors with the same velocity as that which light propagates in the
vacuum, several years before Maxwell published his fundamental paper demon-
strating the electromagnetic nature of light [3]. Unfortunately, for reasons that are
still not fully clear, Kirchhoff’s work has never been widely acknowledged and is
even today largely unknown. There is an interesting work by Ferraris in which
Kirchhoff’s model is reviewed and studied in depth [4].

O. Heaviside (1881-87) was the first to study the ‘guided’ propagation of elec-
tric signals along couples of rectilinear and parallel conducting wires, with finite
conductivity, immersed in a lossy homogeneous dielectric, using Maxwell’s elec-
tromagnetic theory. He developed the transmission line theory as it is still known
today [5]. Hereafter, the Heaviside transmission line model is called the ‘standard’
transmission line (STL) model.

Kirchhoff obtained his transmission line model starting with an integral formu-
lation of the problem based on Weber’s theory of electromagnetism. This theory
is based on interaction at distance, described by two variables that can be consid-
ered as a forerunner of the electric scalar potential and the magnetic vector poten-
tial. Heaviside, instead, obtained his transmission line model starting from a
formulation based directly on Maxwell’s field theory under the assumption that
the configuration of the electromagnetic field is quasi-transverse electromagnetic
(TEM).

The STL model has since been extended to interconnects, even non-uniform
ones, with many wires, in the presence of conducting planes and non-homogeneous
dielectrics. The reader is referred to many excellent books and reviews existing in
the literature for a complete and comprehensive treatment of the subject [5-8].
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The STL model for conventional interconnects is based on the assumptions that:

* The interconnect quasi-parallel wires are metals, whose electrical behavior is
governed by Ohm’s law;

* The structure of the electromagnetic field surrounding the wires is of quasi-
TEM type with respect to the wire axis;

* The total current flowing through each transverse section is equal to zero.

A TEM field structure is one in which the electric and magnetic fields in the
space surrounding the conductors are transverse to the wire axis. The TEM fields
are the fundamental modes of propagation of ideal multiconnected guiding struc-
tures, i.e. guiding structures with transverse section uniform along the wire axis,
made by perfect conductors and embedded in a homogeneous medium [6, 8]. In
actual interconnects the electromagnetic field is never exactly of the TEM type. In
ideal shielded guiding structures, high-order non-TEM modes with discrete spec-
tra can propagate as well as the TEM fundamental modes. In unshielded guiding
structures there are also non-TEM propagating modes with continuous spectra.
Actual guiding structures are most frequently embedded in a transversally non-
homogeneous medium, and thus TEM modes cannot exist. However, even if the
medium were homogeneous, due to the losses, the guiding structure could not sup-
port purely TEM modes. Furthermore, the field structure is complicated by the
influence of non-uniformities present along the axis of the guiding structures
(bends, crossovers, etc.). However, when the cross-sectional dimensions of the
guiding structure are smaller than the smallest characteristic wavelength of the
electromagnetic field propagating along it, the transverse components of the elec-
tromagnetic field give the ‘most significant’ contribution to the overall field and to
the resulting terminal voltages and currents [9]. In other words, we have that the
structure of the electromagnetic field is said to be of quasi-TEM type.

Nowadays, the speed of electronic signals is growing rapidly due to market
requirements and to progress in technology, e.g. allowing switching times below
1 ns. Because of such high-speed signals the distance between the wires of inter-
connects existing at various levels in an electronic circuit may become comparable
with the smallest characteristic wavelength of the signal themselves. As a conse-
quence high-frequency effects such as dispersion and radiation losses are no more
negligible and there is the need of a new model to describe the propagation of the
signals along the interconnects.

Several efforts have been made to obtain generalized transmission line models
from a full-wave analysis based on integral formulations to overcome the restric-
tions of the STL model [10-17]. Recently, the authors [18-20] have proposed an
‘enhanced’ transmission line (ETL) model derived from a full-wave analysis based
on an integral formulation of the electromagnetic field equations, which has the
same simplicity and structure as the STL model. The ETL model describes the
propagation along interconnects in frequency ranges where the STL model fails,
taking into account the shape effects of the transverse cross-section of the inter-
connect wires. It reduces to the STL model in the frequency ranges, where the
distance between wires is electrically short. Specifically, the ETL model allows to
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forecast phenomena that the STL model cannot foresee, such as the distortion
introduced by the non-local nature of the electromagnetic interaction along the
conductors, and the attenuation due to radiation losses in the transverse direction.
Furthermore, the ETL model describes adequately both the propagation of the dif-
ferential mode and the propagation of the common mode and the mode conver-
sion. The ETL model considers thick quasi-perfect conducting wires and evaluate
correctly the kernel that shows the logarithmic singularity that is typical of the
surface distributions. Such a singularity plays a very important role in the radiation
problems, e.g. it may regularize the numerical models [21, 22]. The approach on
which the ETL model is based bears a resemblance to the Kirchhoff approach [2].

The STL model can be easily enhanced so to describe non-perfect conductors,
provided that they satisfy Ohm’s law, as for instance copper does. Unfortunately, in
future ultra-large-scale integrated circuits some problems will arise from the behav-
ior of the copper interconnects. As the cross-section shrinks to nanometric dimen-
sions, due to surface scattering, grain boundary scattering and electromigration, the
copper resistivity rises to values higher than its bulk value. Because of heating,
these high values will limit the maximum allowed current density. Nanometric cop-
per conductors also suffer from the additional problem of mechanical stability. Car-
bon nanotubes (CNTs) are allotropes of carbon that have been discovered fairly
recently [23] and are considered as an alternative to conventional technology for
future nanoelectronic applications such as transistors, antennas, filters and intercon-
nects [24, 25]. Metallic CNTs have been suggested to replace copper in nano-inter-
connects [26-28], due to their unique electrical, mechanical and thermal properties,
such as the high-current density allowed (up to 10'° A/cm?) which is three order of
magnitude higher than the one of copper, the thermal conductivity as high as that of
diamond, and the long mean free path (ballistic transport along the tube axis).
Recently, the authors [29-31] have proposed a transmission line model to describe
the propagation of electrical signals along metallic single wall CNT interconnects.

In this chapter, both the ETL model and the transmission line model for metallic
CNT interconnects are reviewed. In Section 2, the derivation of transmission line
models from a general integral formulation of the electromagnetic problem is pre-
sented. Section 3 is devoted to the transmission line model representation of con-
ventional interconnects, like wire pairs or microstrips. In Section 4, the transmission
line model for the propagation along metallic CNTs is presented. Finally, in Sec-
tion 5 some case-studies are carried out showing either qualitative or quantitative
analysis of the behavior of conventional and CNT interconnects.

2 General integral formulation and derivation of transmission
line models
2.1 Integral formulation

Let us consider an interconnect made of N conductors of generic cross-sections,
with parallel axis x and total length /, as depicted in Fig. 1, where the y—z plane
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Figure 1: Generic cross-section of a multilayered interconnect.

is shown. A perfect conductor ground is located at x = 0 and a stratified inhomoge-
neous dielectric is considered, made by several dielectric layers with relative per-
mittivity ¢,. Let S, be the boundary surface of the kth conductor, and /, be its contour
at any given cross-section x = const. (s, is the curvilinear abscissa along /,). We
assume that a sinusoidal steady state is reached, and that the operating frequencies
and the geometrical dimensions are such that the current density is mainly located
on the conductor surfaces S.. In the frequency domain, the Faraday—Neumann law
relates the electric to the magnetic field as:

VxE=—iwB, (1

where o is the radian frequency. In order to automatically solve (1) and to impose
the solenoidality of B, implied by eqn (1) itself, we can introduce the magnetic
vector potential A and the electric scalar potential ¢ such that:

E=-iwA-Vp, B=VxA. 2)

The potentials A and ¢ are not uniquely defined, unless a suitable gauge condition
is imposed. In the present derivation we will use the so-called Lorenz gauge

V- A +iweup =0, (3)

which is imposed in homogeneous regions, i.e. in regions where the dielectric per-
mittivity ¢ and the magnetic permeability u are constant. Note that at the interfaces
between homogeneous regions we have to impose the continuity of the tangential
components of the fields.

The sources of the electromagnetic field are the (superficial) current and charge
densities J_ and o, which must satisfy the charge conservation law:

V. J, +iwo, =0, )

where (V) is the surface divergence operator. These sources may be related to the
potentials through the Green functions defined for the domain of interest:

A®) = 4, [[ G (1,003, dS, 5)
S

1
olr)= ;H G, (r,x")a (r")dS, (6)
S
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where ¢, and y, are the dielectric constant and the magnetic permeability in the
vacuum space, S represents the union of all the N conductor surfaces Sj. Note that
the Green function G, is in general dyadic.

In order to derive a multiport representation of the interconnect, we assume that
it would be possible to characterize it regardless of the actual devices on which it
is terminated. In other words, the terminal elements are taken into account only
through the relations that they impose on the terminal currents and voltages, but
the sources located on their surfaces are neglected in computing the potentials (5)
and (6). This is a crucial point in the field/circuit coupling problem. This condition
is approximately satisfied if the characteristic dimensions of the terminal devices
are small compared to the interconnect length. Anyway, as a consequence of this
approximation, the potentials in eqns (5) and (6) do not wholly satisfy the Lorenz
gauge condition. Conversely, when the assumption does not hold, there is no way
to separate the behavior of the interconnect from that of terminal devices and the
electromagnetic system has to be analyzed as a whole.

2.2 Transmission line equations

The first fundamental assumption is that the surface current density is mainly
directed along x: J, = J (r)x. In other words, we neglect any transverse compo-
nent of the current density, taking into account only the longitudinal one. This
assumption is well-founded when the interconnect length is infinite and only the
fundamental mode is excited. Even with an infinite length, high-order propaga-
tion modes may exhibit non-longitudinal current density components; hence this
assumption defines an upper limit in the frequency range.

The first consequence of this assumption is a drastic simplification of eqns (5) and
(6). Indeed, the magnetic vector potential (eqn (5)) is directed only along X, and so the
magnetic field is of Transverse Magnetic (TM) type. In this condition, it is uniquely
defined the voltage between any couple of points lying on a plane x = constant.

A second assumption is that the current and charge densities have a spatial
dependence of separable type:

I _ = LOF(sp), o®| o = Q(x)Fs). %)

res, res,

where [,(x) and Q,(x) are the total current and p.u.l. charge associated with the
conductor and F’ and F” are shape functions dimensionally homogeneous with
m~!, describing the distribution of currents and charges along the contour l,. In
other words, we are assuming that only the total current /,(x) and p.u.l. charge
Q,(x) vary along x, whereas the spatial distributions of current and charge densities
are independent on x.

Imposing the charge conservation law (4) on the kth conductor and using eqn
(7), we obtain

dr, (x)

F{(s,)+iwQ, (x)F/(s,) =0, (8)
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which yields:
F{(s) = Fsi) = F (s, ®
%ng{ (x)=0. (10)

The shape functions for the charge and current distributions must be the same. If
we impose the following normalization condition:

qSFk(sk)dsk -1 (11)
1

k

then the current and the p.u.l. charge are obtained by integrating eqn (7) along /,.

With the position (7), the problem may be solved by separating the transverse
and longitudinal behavior of the current and charge distributions. When the char-
acteristic transverse dimensions of the conductors are electrically short and the
interconnect is geometrically long, the transverse behavior is obtained by solving
once for all a quasi-static 2D problem in the transverse plane. This assumption
imposes the high-frequency validity limit for the ETL model.

Equation (10) may be written for every conductor, introducing the numerical

..........

%+ iwQ(x)=0. (12)

This is the first of the two governing equations for any transmission line model. In
order to derive the second one, we must impose the boundary conditions. Assum-
ing an ohmic behavior, on the surface of the kth conductor the boundary condition
may be written as

E(r)XﬁLeSk = ngS(r)XﬁLeSk' (13)

This assumption will be removed in Section 4, when dealing with CNTs. In eqn
(13) the surface impedance g, takes into account the ohmic losses inside the con-
ductor. For high-frequency operating conditions, for instance, it reduces to the
well-known Leontovich expression

1+
k= Mi——> (14)
O

where 7, and 9, are, respectively, the conductivity and the penetration depth of the
kth conductor.

Let us now focus on the relation between the voltage and p.u.l. magnetic flux.
Let a, indicates a characteristic dimension of the cross-section of the kth conductor
and let a = max,(a,): assuming operating conditions such that a is electrically
small it is possible to approximate at any abscissa x the values of A(x,y,z) and
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¢(x,5,z) on the surfaces S, and S, W1th their average values along the conductor
cross-sections contours, say A k(x) and ¢ k(x) As already pointed out, it is possible
to define uniquely the voltage between any two pair of points lying on a plane x =
const. We may then introduce the grounded mode voltage of the kth conductor as
follows:

Vi (%) =¢k(x)_¢N+l (x). (15)

The p.u.l. magnetic flux linked to a closed loop connecting the kth conductor and
the ground one in the plane x—z may be expressed as

@, (x)= A (x)— Ay, (x). (16)

Let us introduce the vectors V(x) = {V,(x)},_, y and ®(x) = {®,(x)},_, ,: by
using eqns (15) and (16) in eqn (13) it is easy to obtain

_dV(x)

=iwd(x) + Z (iw)I(x), a7

where Z (im) is a diagonal matrix with ka (iw) = ¢/na,.

Equations (12) and (17) must be now augmented with the relation between the
p-u.l. flux and the current and that between the voltage and the p.u.l. charge. In the
above assumptions these relations may be obtained from eqns (5) and (6):

1
D(x) =ty [ Hy (x = x)L(x")d, (18)
0

1 1
V(x)= —jHQ (x — x")Q(x")dx'. (19)
&%

These constitutive relations are spatial convolutions, hence their meaning is
straightforward: in the general case the value of the p.u.l. magnetic flux (the volt-
age) at a given abscissa x depends on the whole distribution of the current intensity
(p-u.l. electric charge) along the line. The kernels in eqns (18) and (19) are N x N
matrices whose entries are:

H*() = 9Sds gSGA (5;50:0)F, (s} )ds], (20)
l l k
: I
Hy (O =—$ds $G, (5,5 OF (57)ds; 21
i L,

The system of equations (12) and (17)—(19) represents a generalized transmis-
sion line model: in the following we will refer to it as the ETL model. The 3D
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full-wave problem has been recast in a transverse quasi-static 2D problem and
a 1D propagation problem. The first problem is solved once for all and provides
the source distributions F,(s,) along the conductor contours. The 1D propagation
problem provides, instead, the distributions of voltages, currents, p.u.l. charge and
magnetic flux along the line axis.

Letting the frequency go to zero and the interconnect length go to infinity, it
is possible to prove that the kernels in eqns (18) and (19) tend to spatial Dirac
pulses [21]:

H (x—x")—> Hloé(x —-x), Hy(x—-x")— HQoé(x -x'). (22)
Hence eqns (18) and (19) reduce to local relations:

1
(x) = pyH; 1), V(x)=—Hg Q(x), (23)
0

which along with eqns (12) and (17) provide the classical expression of the teleg-
raphers’ equations in frequency domain

B dg;) — ZG)(x), _% = Y(i)V (), (24)

where the p.u.l. impedance and admittance matrices are given by:

Z(i) = iopyH | (@) + Z,((0), Y (i) = iweyHy (o). (25)

For the ideal case of a lossless transmission line Z(iw) = iwL, Y(iw) = iwC, where
L and C are, respectively, the p.u.l. inductance and capacitance matrices.

This means that the ETL model (eqns (12) and (17)-(19)) contains the STL
model (eqn (24)) as a particular case, obtained when the interconnect is enough
long to neglect the effect of the finite length and the frequency is enough low to
make the transverse dimensions electrically small.

It is worth noting that, as all the transmission line models, the STL model is
based on the separation between a transverse quasi-static 2D problem and a 1D
propagation problem. The difference with respect to the ETL model is in the fact
that the transverse 2D problem, solved once for all, provides the p.u.l. parameters
(eqn (25)), whereas, as for all the transmission line models, the distributions of
voltages and currents are the solutions of a 1D propagation problem (eqn (24)).

3 Transmission line model for conventional conductors
3.1 A cylindrical pair
Let us study the simple case of a straight pair in the vacuum space, made by two

cylindrical perfect conductors of radius a. Let /1, be the center to center distance
in the transverse plane (see Fig. 2a) and the total length. The example can be also
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Figure 2: Cylindrical pair: (a) cross-section and (b) shape function F(6).

used to analyze the case of a cylindrical conductor above a perfect ground plane.
In vacuum the Green functions in eqns (4) and (5) reduce to the function

exp(—ikr)

G(r)= (26)

4mr

where r is the distance between the source and field points and k = wVeu is the
propagation constant.

The static distribution of the sources along the conductor contours may be
expressed in closed form as a function of the angle (see Fig. 2a) [19]:

F(H):ﬁ[l—hisin 9], 0 €[0,2x]. 27)

C

Figure 2b shows the behavior of F() for @ = 1 mm and for different values of the
ratio /1 /a: for small values of & /a (say <10) this distribution differs significantly
from the uniform case because of the proximity effect.

When considering widely separated conductors it results F(0) = 1/2na and it is
possible to give a closed-form expression to the kernel (eqns (20) and (21)), which
may be split as the sum of a static and a dynamic term, H=H__+ H dyn’

stat
Lam@] 1 1
w* RO 2mR,()

Hyyn O = —%em[— ikR; (O]sin C[kR“z‘(o}- (29)

Hstat(C) = (28)
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Here x(m) is the complete elliptic integral of the first type, and
gz
mQ)=—s—5. RyO={R+, RO=v4’+3. (30
(4a” +{°)
The dynamic term depends on the frequency and vanishes as «&» — 0. The static
term is independent on frequency but shows a singularity of logarithmic type:

1

aTI:2

HS(C)z—Z In({) for{—0. (€2))

As already pointed out, if we consider infinitely long lines and assume fre-
quency operating conditions such that 2 /4 << 1, / being the characteristic signal
wavelength, H({) reduces to a spatial Dirac pulse H({) — H©d({), where

T 1 h
Hy= | Hx)dx=—In| = |.
o= [reow=nl) &
In this case the cylindrical pair is described by the classical telegrapher’s equations
for ideal two-conductor lines, namely by eqn (24) with Z (iw) = icou,H, = iwLand
Y(iw) = iwe fH, = iwC.

3.2 A coupled microstrip

A structure of great interest for high-speed electronic applications is the microstrip
line: Fig. 3 shows a simple example of a three conductor microstrip, made by
two signal conductors on a dielectric layer and a ground plane. Figure 3a shows
the references for the voltages and currents (note that the grounded modes are
considered).

From a qualitative point of view, the results highlighted in Section 3.1 still hold:
the kernels (20) and (21) show a singularity of logarithmic type and the STL model
may be obtained as a limit case of the generalized one.

(€] (b)

1% V.
112/"' 12 122‘/:' 2

% Wi w Wy
% &y ——» - -

[ e

|+V11/'1” +V2]/'12|

Figure 3: A coupled microstrip: reference for terminal voltages and currents (a);
schematic of the cross-section (b).
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The first difference is in the fact that the shape functions are no longer known in
analytical form. However, they may be easily numerically computed by solving
the electrostatic problem in the cross-section: for instance Fig. 4 shows the com-
puted behavior of the shape function for the signal conductor of a single microstrip
with w,=5mm,t= 1.25 mm, A = 8.7 mm and e = 4. It is here evident the effect
due to the sharp edges of the rectangular section.

A second difference is due to the influence of the dielectric. In this case the
kernels (20) and (21) are different, since we have to consider two different Green
functions in eqns (5) and (6). As already pointed out, the Green function involved
in eqn (5) is in general dyadic. Since the layers properties are assumed to change
only along z (see Fig. 1), G, has the structure

G 0

- G
Gy=| 0 G, G| (33)
G, G, G

In many practical applications the thickness of conductors ¢ is small compared
to their width w. If we assume zero-thickness for the signal conductors, since the
current density J_ directed along X we have the simple expression G, =G .

For the cons1dered structure the Green functions may be evaluated in closed
form in the spectral domain: let Gxx(kp) and Gq)(kp) be their transforms in such a

200 T T T T T T

180 b

160 7
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120 |

100
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Figure 4: Computed shape function F(s) for the signal conductor of a microstrip.
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domain, where kp is the spectral domain variable. The spatial domain functions are
obtained by evaluating the Sommerfeld integrals [32]:

177~
Gu(=— j G (kY HP (k,rk, dk,, (34)

1% -
Gy = j G,k H (k,rk, dk,, (35)

where H(()Z) is the Hankel function. Such integrals are hard to compute practically,
due to the slowly decaying and oscillating nature of the kernels. The cost for com-
puting such integrals is extremely high because of the slow decay of the integrands.
A way to overcome this problem is to extract analytically the terms which are domi-
nant in the low-frequency range, referred to as the quasi-static terms. For the single-
layer microstrip structure of Fig. 3b they may be expressed as follows [33]:

e—ik”«/xzﬂrz e—ik“\/x2+y2+(2h)z

Gy (r)= - :
amx? +y2 Amx? +y? +2h)

(36)

—ik, x4y’

o —iky )cz+y2+(2nh)Z
N ) W :
4TC\,)C2 + y2 n=1 4n\/x2 + y2 + (Znh)2

where K = (1 -¢)/(1 +¢) and k, is the vacuum space wavenumber.

Once these terms have been extracted, the remainders (dynamic terms) may be
evaluated in an efficient way by approximating the corresponding expressions in
the spectral domain [34]. The quasi-static terms are associated to the fundamental
mode, are the only terms left when f — 0 and dominate the local range interac-
tions. The dynamic terms are associated to parasitic waves (surface waves, leaky
waves), vanish as f — 0 and dominate the long-range interactions.

Figure 5 gives an example of scalar potential Green function G p computed at
2.1 GHz for a single microstrip with e, = 4.9, A = 0.7 mm.

The quasi-static term dominates the near-field region, whereas for increasing
distances the dynamic terms become the principal ones.

Unless very high frequencies are considered, in practical interconnects the
quasi-static terms are dominant, hence the approximation of the remainder is usu-
ally satisfactorily pursued by a low-order model. A reliable criterion [35] states

that the Green functions are accurately represented by the quasi-static terms when
kohnfe,— 1 <0.1.

Gp(r)=(1+K)

(37)

4 Transmission line model for CNT interconnects

CNTs are allotropes of carbon that have been discovered fairly recently [23] and are
considered as an alternative to conventional technology for future nanoelectronic
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Figure 5: Typical high-frequency behavior of the scalar potential Green function:
contributions of the quasi-static and dynamic terms.

applications such as transistors, antennas, filters and interconnects [24, 25]. Metal-
lic CNTs have been suggested to replace copper in nano-interconnects, due to
their unique electrical, mechanical and thermal properties [26-28]. Table 1 shows
typical values for current density allowed, thermal conductivity and mean free
path [28].

A single wall carbon nanotube (SWCNT) is a single sheet of a mono-atomic
layer of graphite rolled-up (Fig. 6a). It possesses four valence electrons for each
carbon atom: three of these form tight bonds with the neighboring atoms in the
plane, whereas the fourth electron is free to move across the positive ion lattice.
When the sheet is rolled up it may become either metallic or semiconducting,
depending on the way it is rolled up.

To describe the electrodynamics of CNTs we need to model the interaction of
the free electrons with the fixed positive ions and the electromagnetic field pro-
duced by the electrons themselves and the external sources. This requires, in prin-
ciple, a quantum mechanical approach, because the electrical behavior of the
electrons depends strongly on the interaction with the positive ion lattice. How-
ever, under suitable assumption the problem may be modeled by using a linear-
ized fluid model to describe the dynamics of the effective conduction electrons,
and by coupling the fluid equations to the Maxwell equations through the Lorentz
force.



TRANSMISSION LINE MoDELS FOR HIGH-SPEED CONVENTIONAL INTERCONNECTS 201

Table 1: Properties of CNTS compared to copper.

Property CNT Cu
Maximum current density [A/cm?] ~1010 ~106
Thermal conductivity [W/mK] ~6000 ~400
Mean free path [nm] ~1000 ~40

(@ (b)

Figure 6: Schematic representation of a CNT (a); picture of a CNT bundle (b) [28].

4.1 A fluid model for CNTs

We model a SWCNT as an infinitesimally thin cylinder shell with radius r, and
length /. The graphene has valence electrons (rt-electrons) whose dynamics depends
on the electric field due to interactions with ions and other electrons (atomic field),
with the other m-electrons (collective field) and with external fields. If the atomic
field is much stronger than the collective and the external fields (the sum of these two
is denoted with e(r; 7)) and if e(r; #) varies slowly compared to the atomic time-space
scale, the m-electron may be described as a quasi-classical particle: the dynamics is
the same as for a classical particle with the same charge and an effective mass (which
takes into account quantum effects) moving under the action of e(r; 7).

In these conditions the conduction electrons (distributed on the cylinder surface
S) may be described as an electron fluid with surface number density n(r; ), veloc-
ity V(r,) = u(r,?) x and 2D hydro-dynamical pressure p = p(r; 1), of quantum nature
[29]. We have assumed the velocity to be directed along the CNT axis x. Assuming
small perturbations around equilibrium condition (n, p,), i.e. expressing the con-
duction electron density and the pressure as n = n, + on, and p = p, + dp, the inter-
action between e(r; f) and the electron fluid is assumed to be governed by the
linearized Euler’s equation

Mgy a_u = _EM_p +enpe, — Megehpb U (38)
ot ox
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where m_, and e denote, respectively, the effective mass and the charge of the
electron and v is a parameter which accounts for the collisions. Equation (38) is
augmented with a ‘state equation’ relating Jp to on

Op =mycion (39)

where ¢, is the thermodynamic speed of sound. The continuity condition imposes
the following relation:
9on __dngu). 40)
ot ox

Introducing in eqns (38) and (40) the charge density o = —edn and the current den-
sity j = —enu on the surface S, we obtain the following system:

. 2
ﬁ+csza—a+uj:e "o e, (41)
ot ox Mg
do__ 9 42)
ot ox

To complete the fluid model, we have to fix the values of the parameters no/meff,
c, and v. First of all, the equilibrium number density 7, is determined by requir-
ing that the longitudinal electric conductivity obtained from this model agreed
with the expression obtained from a semi-classical transport theory for a sufficient
small CNT radius [36]:

ny _ 4up 1

= 43
My  Th T, “3)

where £ is the Planck constant and Vg is the Fermi velocity. Next, c is assumed to
be equal to v and finally for the collision frequency v we use the expression

v=a (44)

mfp

where lmfp is the mean free path and a is a correction factor, which can be used as
a ‘tuning’ factor able to take into account, for instance, the slight dependence of
lmfp from the CNT radius [37].

4.2 A transmission line model for a SWCNT above a ground plane

Let us consider a SWCNT above a perfect conducting plane, as schematically rep-
resented in Fig. 7; h_ is the distance between the axis nanotube and the plane. We
assume the same operating conditions used for the general formulation introduced
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Figure 7: An SWCNT transmission line.

in Section 3, hence the governing equations in the frequency domain are still given
by eqns (12) and (17), which read for this case:

dI(x) % = i®(x)+ E(x). (45)

F-F iwQ(x)=0, -

Note that in this case the longitudinal component of the electric field E(x)
appearing in the RHS of the second of eqn (45) is not expressed through the simple
ohmic relation as in eqn (17), but should be derived from eqn (41) assuming all the
above mentioned conditions on the sources:

E(x) =L I(x)+iwL, I(x) +CL o) (46)

g dx

where and L, and C o are, respectively, the kinetic inductance and the quantum
capacitance, given by

h 1 8¢
L = Cp=—s =
L.c

“san G (47)
S

hog

The parameters and L, and C, derived here agree with those obtained in literature
starting from different models (e.g. in [27], using a phenomenological approach
based on Luttinger liquid theory).

Equations (45) and (46) must be augmented with the constitutive relations (18)
and (19). Assuming a quasi-TEM approximation, in this case they reduce to the
simple relations (23):

O(x)

O(x) =L, I(x), V(x)= c (48)

€

where L, and C, are the classical p.u.l. magnetic inductance and electrical capaci-
tance for a single wire above a ground plane:

2h 2
L =ton 2| c =T (49)
2\ r In(2h, /r,)

C
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By using eqns (46) and (48) in eqn (45), we obtain that the interconnect is described
by a simple lossy RLC transmission line model:

—% =(R+iol)I(x), — dI(x) =iwCV(x), (50)
where the p.u.l. parameters are given by:
L_+L Lo
=—n_*  Cc=C,, R=—X—. (51)
1+C./C, 1+C./C,

As will be shown in the case-studies analyzed in Section 5, the behavior of this
particular transmission line is strongly affected by the influence of the kinetic
inductance and quantum capacitance. For instance, assuming, v, = 8.8 X 10° m/s,
L= 1 um, and h/r. =5 we have L/L =8 x 10° and CJC, =TX% 1072, The
result on the inductances is quite insensitive to variation of the geometry of the
line: the kinetic inductance always dominates over the magnetic one. As for the
capacitance, if different dielectrics are considered the quantum capacitance may
be comparable to the electrostatic one. As a consequence, the propagation speed
and the lossless characteristic impedance

1
C =—, 7 =
CNT [LC OCNT

may be well different from those theoretically obtained using the same geometry
for the transmission line and replacing the CNT with a perfect conductor, say c,
and Z. Typical values are cy/c, ~ 107 and Z,.\/Z, ~ 10%

As for the resistance, by using eqns (51) and (44) with the same parameters as
above and with a = 1, we obtain R = 3 kQ/ km. The high values of this p.u.l. resis-
tance and of the characteristic impedance in eqn (52) suggest using as interconnect
stacks or bundles of CNTs rather than single CNT [31, 37-39].

In order to analyze multiconductor structures such as bundles, it is useful to
extend the model to interconnects made by n CNTs over a ground plane. Following
the same steps described above, the relation between voltage v(x,1) = [v,(x,0), ...,
un(x,z‘)]T and current i(x,f) = [i,(x,1), ..., in(x,t)]T is given by the multiconductor trans-
mission line equations

aTF

(52)

-—=L—+Ri, ——=C—, (53)
where the p.u.l. parameter matrices are given by

L=(I+CJC) (L, +L ). C=C,. R=(+CJC)"'R,. (54)

I being the identity matrix.
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Finally, we have to remark that given the assumptions at its basis, the transmis-
sion line model introduced here describes the propagation in the low-bias voltage
condition (corresponding to a longitudinal field less than 0.1 V/um) and assuming
=21 . - In high-bias condition this model should be modified with the insertion of
a non-linear resistance [30].

5 Examples and applications
5.1 Finite length and proximity effect

A first simple application (Case 1) of the ETL model is the high-frequency analy-
sis of a simple cylindrical pair as in Fig. 2, with @ = 1 mm, 2, = 1 cm and total
length / = 0.1 m. The conductors are ideal and the pair is in the vacuum space.
Although simple, this example exhibits a lot of phenomena, which can be found
also in more complex applications.

Figure 8 shows the spatial current distributions when the line is fed at the near-
end and is left open at the far-end: I(x =0) = 1 a.u. and /(x = ) = 0. The prediction
of the ETL model is compared to those provided by the STL model and by a full-
wave numerical solution obtained by means of Numerical Electromagnetics Code
(NEC), a full-wave commercial simulator based on the method of moment tech-
nique [40]. The agreement between the ETL solution and the full-wave one is very
satisfactorily. As expected, for ki, > 0.1 the full-wave solution starts to deviate
from the STL one: Fig. 8a refers to an operating frequency of f= 1 GHZ, which
means kh, =~ 0.21. For higher frequencies the STL solution is completely inade-
quate to describe the real full-wave solution, whereas the ETL model is still accu-
rate. Figure 8b refers to f= 5 GHZ, which means ki =1.05.

(@ (b)
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12 ——STL
14 —=—NEC
0.8
0.6
0.4
0.2
0 20 40 60 80 100 0 20 40 60 80 100
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Figure 8: Case 1, amplitude (in arbitrary units) of the current distribution for the
mismatched case, computed at 1 GHz (a) and 5 GHz (b).
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To investigate the phenomena which are at the basis of such a behavior, it is
useful to exploit the possibility given in eqns (28) and (29) to split the static and
dynamic terms in the kernels. Let us consider the same conditions as above, except
for the far end, which is now assumed to be matched (it is loaded by the character-
istic impedance Z,= \/m =276.2 Q of the STL case).

Figure 9 shows the STL solution, the ETL complete solution and the ETL solu-
tion due only to the static kernel. The main contribution to the difference is given,
at low frequencies, by the static part H, while for high frequencies also the
dynamic part H, provides a significant contribution. This means that, when enter-
ing the high-frequency range kh_> 0.1, the first effect experienced by the solution
is due to the finite length of the structure, whereas the effect due to unwanted
radiation in the transverse plane starts acting for higher frequencies.

Finally, Fig. 10 shows the frequency behavior of the input impedance of the line
(normalized to Z, = 276 Q2 ), when the far-end is left open.

The ETL model is able to predict the shift of the resonance frequencies toward
lower values. Note that the shift to lower frequencies with respect to those of STL
model means that the interconnect is electrically shorter than it actually is. Besides,
the ETL model well predicts the amplitudes at the resonance frequencies that are
finite and decreasing with increasing frequency, which is typical of a lossy line
with frequency-dependent losses.

In very large-scale integration (VLSI) applications it is of great interest the
study of the proximity effect, because of the short distances between the signal
traces. Case 1 referred to a condition of widely separated wires, with & /a = 10. For
such a condition the distribution of the sources along the wire contours may
assumed to be uniform (see Fig. 2b). For a cylindrical pair, we may assume as a
rule of thumb that the proximity effect should be considered for i /a = 2.5. Let us
study again a wire pair, with a = 2.5 mm, b, = 5.7 mm and total length / = 1 m

(@) (b)
12 1 12
11 | m m /ﬁ\
1 1
0.9 {09
. ot e
' ——STL : :l;_}“]i—only static
00020 40 e s 10 %0 20 40 60 80 100
[mm] [mm]

Figure 9: Case 1, amplitude (in arbitrary units) of the current distribution for the
matched case, computed at 1 GHz (a) and 5 GHz (b).



TRANSMISSION LINE MODELS FOR HIGH-SPEED CONVENTIONAL INTERCONNECTS 207

120 T T T T I
------ NEC
00 ETL
! - - - STL
T
80 1
60 1
40 \ ‘ 1
0 K . ) . ﬂ\\;
1 1.5 2 2.5 3 35 4 45 5

[GHz]

Figure 10: Case 1, amplitude of the self-impedance, normalized to Z,,.

(Case 2). The line is fed at one end by a voltage source of 1 V and is terminated on
a short circuit at the other end. This case has been analyzed in [14], where a full-
wave solution is provided by using the wire antenna theory. The proximity effect
is there taken into account by introducing a set of ‘equivalent’ wires, whose artifi-
cial electrical axes are positioned so to satisfy the static problem in the transverse
plane.

Figure 11 shows the current distribution at 1.2 GHz for this case, computed by
means of ETL and STL models and compared to the quoted full-wave solution. An
approximated ETL solution is also plotted, obtained by disregarding the proximity
effect and hence assuming uniform distributions.

5.2 High-frequency losses

In high-speed integrated circuit technology losses play a crucial role in the overall
system performance. With respect to a full-wave solution provided by brute-force
numerical simulators, one of the most important advantages in using the ETL solu-
tion is the possibility to have a qualitative insight on the lossy phenomena affect-
ing the high-frequency solution. We can distinguish at least three different lossy
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Figure 11: Case 2, amplitude of the current distribution computed at 1.2 GHz.

mechanisms: (i) conductor losses; (ii) dielectric losses; (iii) excitation of parasitic
modes (leaky waves, surface waves); (iv) radiation.

Let us consider the same pair of Case 1, assuming the conductors to be real,
with a conductor resistivity # = 1.7 x 108 Qm (Case 3). These losses are very
sensitive to the frequency because of the skin-effect and this may be taken easily
into account by using a suitable definition of surface impedance as in eqn (14). The
line is fed by a unitary current source (arbitrary units) and is opened at the other
end. We consider the frequencies 0.1 f, — 2.5f; (f, = 1.5 GHz), corresponding to a
range where the STL model fails. We have evaluated the difference between the
values of the mean power absorbed at x =0

P ()= %real{ V() (o)}, (55)

evaluated with ideal and real conductors. In the first case the ohmic losses are not
considered, whereas in the second case they add to the radiation losses. Figure 12a
shows the radiated mean power computed in these two conditions. In the low-fre-
quency range the absorbed power is dominated by the ohmic losses whereas the
radiation losses are more relevant in the high-frequency range. The ratio between
ohmic and radiated mean power is plotted in Fig. 12b. The effect of a finite resistivity
is relevant for frequency ranges where the STL model may be still used. For frequen-
cies where the ETL model should be used, the losses are mainly due to radiation.
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Figure 12: Case 3, dissipated mean power in arbitrary units (a); ratio between
ohmic and radiated mean power (b).

Let us now consider a printed circuit board microstrip, with the geometry of
Fig. 3, assuming a single signal conductor above a ground plane and a length of
36 mm (Case 4). The signal conductor has zero thickness, width w, = 1.8 mm,
and lies on a FR-4 dielectric layer of thickness & = 1.016 mm, dielectric con-
stant ¢ = 4.9 and magnetic permeability 1 = 1. The conductors and dielectric
are assumed ideal.

The ETL model solution is compared to the STL one and to two 3D full-wave
solutions, one provided by the commercial finite element method code HFSS
[41] and the other by the tool SURFCODE, which is based on the electric field
integral equation formulation [42]. Assuming for this case h, = h, since & =
3.65 we have khc = (.1 at 1.4 GHz, which is in agreement with the results shown
in Fig. 13, where it is plotted the absolute value of the input impedance of the
line with the far-end left open. Indeed, the results of all the models agree satis-
factorily in the low-frequency range (Fig. 13a), whereas in the high-frequency
range the full-wave solutions start to deviate significantly from the ideal STL
solution.

As for the previous case-studies, since the conductors and the dielectric are
assumed to be ideal, the finite amplitude of the peak is only due to the lossy effects
related to the presence of unwanted parasitic modes (surface waves, leaky waves).
In this condition a small but not negligible amount of power is associated with
radiation in the transverse plane. Using eqn (55), the real power absorbed by the
interconnect fed at one end by a sinusoidal current of r.m.s. value /; and left open
at the other end is given by P, (w) = real{Zm(w)}Ig/l Figure 14a shows the
absorbed real power computed with /; =1 mA. The ETL solution is in good agree-
ment with the full-wave one around the peak, whereas there is a deviation in the
other ranges (where, however the values of power are very low). Note that, since
we are in the ideal case, the STL input impedance is strictly imaginary, hence the
absorbed real power predicted by the STL model is always zero.
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Figure 14: Case 4, absorbed power for ideal (a) and real (b) dielectrics.

Next, let us assume the dielectric to be real, i.e. let us introduce frequency-dependent
dielectric losses by using, for instance, a simple Debye model [43]

& —¢, 56
e (w)y=¢ +—>+—=,

(@)=, 1+iwt (56)
where sroand ¢, are, respectively, the low- and high-frequency limit, whereas 7 is
a relaxation time constant. For the considered case, we assume ¢, = 4.178, ¢, =
4.07 and T = 1.15 ps.

Figure 14b shows the power dissipated in the high-frequency range assuming
again [, = 1 mA and comparing the real dielectric described by (56) to the ideal
one with ¢ = 4.178. It is clear that in this case the dielectric losses are negligible
with respect to the losses associated to the other high-frequency phenomena.



TRANSMISSION LINE MODELS FOR HIGH-SPEED CONVENTIONAL INTERCONNECTS 211

5.3 High-frequency crosstalk and mode-conversion

In VLSI applications the crosstalk noise and the differential to common mode
conversion are unwanted phenomena, which may lower dramatically the perfor-
mances. The crosstalk between adjacent traces may cause false signaling and is a
serious bottleneck in the miniaturizing process for incoming scaled technologies.
A correct evaluation of the common-mode currents is a crucial point in the analy-
sis of systems like printed circuit boards, because of their remarkable effect on
the overall electromagnetic interference performance. Although they may be even
some order of magnitude lower than the differential mode currents, their effects
may be comparable, for instance in terms of radiated emissions. Both phenom-
ena may be analyzed by studying a simple three-conductor structure, like the one
depicted in Fig. 3b.

Case 5 refers to a coupled microstrip in air (Fig. 3), with w, = 5 mm, w, = 10
mm, w = 2.5 mm, & = 8.7 mm, ¢ = 1.25 mm, and a total length of 50 mm. For such
a structure, we assume s, = 9.35 mm, and investigate the frequency range 0.1-3
GHz, corresponding to kh € (0.02 - 0.59).

The line is assumed to be in the free space and to be open at the far end: [, =
I,, =0 (see Fig. 3a for references). Figure 15 shows the frequency behavior of the
self and mutual terms of the input impedance, computed, respectively, as Z, =
v/, and Z,, =V, /I, when I,, = 0. The three models agree in the low-frequency
range, up to 0.5 GHz, corresponding to ki = 0.1. For higher frequencies the full-
wave and ETL solutions deviate from the STL one, capturing not only the fre-
quency shift that has been already observed in the previous cases, but also the
additional small peaks due to the resonance in the transverse plane. The imped-
ance Z,, is an index for the crosstalk noise: it would be the near-end crosstalk
voltage assuming /,; = 1 A and all the other currents equal to zero. Figure 15b
clearly shows that above 1.5 GHz the crosstalk noise level predicted by the STL
model is well below the full-wave solution.
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Figure 15: Case 5, amplitude of self (a) and mutual (b) impedance at the near end.
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Let us analyze, for the same structure, the problem of the common mode excita-
tion. Usually the common-mode currents are due to unwanted effects, as the pres-
ence of external fields, asymmetric conductor cross-sections and non-ideal
behavior of the ground. In the differential signaling technique, however, a signal is
defined as the difference between the signals of two conductors with respect to a
third reference one and hence, due to the presence of the ground, a common-mode
solution propagate. In order to study this ‘mixed-mode’ propagation it is con-
venient to introduce the common-mode variables: assuming the references as in
Fig. 3a, the differential and common-mode variables are

1 -1
Lo="2"20 v @ =no-ne. (57)

Vl(z)+V2(z).

Ic(@=1(2)+1,(2), V()= > (58)

In order to study the mode conversion, let us assume the line to be excited by a pure
differential mode current at the near end, with the far end left open: / 0= 1 (arbitrary
units) and 1, = 0. Figure 16 shows the distribution of the excited common mode
currents computed at 1.7 and 2.5 GHz. For low frequencies the mode conversion
due to asymmetric signal conductors may be neglected, whereas for frequencies
above 1 GHz the excited common mode current starts to be relevant.
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Figure 16: Case 5, common-mode current distribution for a pure differential
excitation.



TRANSMISSION LINE MODELS FOR HIGH-SPEED CONVENTIONAL INTERCONNECTS 213

5.4 A comparison between CNT and copper interconnects for
nanoelectronic applications

In future ultra-large-scale integrated circuits the use of copper nano-interconnects
will be seriously limited by the strong degradation of its performances. The main
challenge for Cu nano-interconnects is the trade-off between the request for increas-
ing current density and the steep increase of the resistivity which, at nanometric
dimensions, rises to values higher than its bulk value of p = 1.7 u/cm. Because
of heating, this high value will limit the maximum allowed current density. For 45
nm node technology, the International Technology Roadmap for Semiconductors
(ITRS) [44] foresees, for instance, a request of a current density in local vias of 8 x
10° A/cm?, whereas the maximum allowed current density for copper will be about
4.5 x 10° A/cm?. This limitation suggests considering the use of metallic CNTs,
given their excellent electrical and thermal properties (see Table 1 in Section 4).

As first case-study, we consider the simple interconnect structure of Fig. 7, made
by a single CNT of radius r, = 2.712 nm at a distance 4 = 20 nm from a perfect
ground, and compare its performances to those which would be in principle obtained
by scaling the copper technology to the same dimensions (Case 6). For this case, we
assume / = 1 um and v = 3.33 x 10'! s7!. To investigate the validity limits of the
transmission line model equation (50), its predictions have been compared to those
provided by a full-wave three-dimensional electromagnetic numerical model based
on the same fluid description of the conduction [29]. Figure 17 shows the absolute
value of the input admittance of the interconnect terminated on a short circuit: the
transmission line model provides accurate results up to 1-2 THz.

10'2 T T T T T
-1
[Ohm-!] —e— full-wave solution
—— TL model

103 | E
104
105 E
106 ! ! ! ! !

0 1 2 3 4 5 6

[THz]

Figure 17: Case 6, absolute value of the input admittance.
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Let us first consider lossless interconnects. For the considered case using the
definition in eqn (52), we have Cont = 0.0120c0, hence the electrical length of CNT
interconnects is completely different from that of the copper one interconnect.
Figure 18a shows the frequency behavior of the absolute value of the input imped-
ance compared to that of the equivalent copper interconnect, assuming an inter-
connect length of / = 10 um. The CNT interconnect shows resonances at much
lower frequencies. Resonances are extremely undesirable for interconnects, hence
the above result seems to limit to short lengths (<1 wm) the possibility to use CNT
interconnects in high-speed circuits. However, if we take into account the damping
effect due to the huge p.u.l. resistance R predicted by eqn (51) this conclusion may
change. For the considered case it is R = 1.16 kQ/um: it introduces a strong damp-
ing effect able to cancel out the resonance peaks, as shown in Fig. 18b, where the
absolute value of the input impedance for CNT interconnect is computed both
considering (real CNT) and disregarding (ideal CNT) the effect of R. This result
agrees with experimental evidence [16].

In order to compare the performances between CNT and Cu interconnects, it is
useful to investigate the behavior of the scattering parameters. Figure 19a and b
shows the absolute value of S, and S, computed for line lengths of 1 and 10 um,
respectively. For Cu interconnect, we disregard the increase of copper resistivity,
assuming a constant value of p., = 1.7 X 108 Qm. The reference impedance for
the definition of all the S-parameters is chosen equal to the lossless characteristic
impedance of the CNT interconnect, Zoont = 13 kQ for this case (this is the reason
for the particular behavior of such parameters for the copper case).

As a conclusion, provided that it would be possible to load the line with such an
impedance, it is clear that CNT interconnect are suitable for short and intermediate
lengths, while they introduce a strong attenuation for longer lines. In addition, for
high frequencies they seem to outperform the ideally scaled conventional technology.
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Figure 18: Case 6, absolute value of the input impedance for the ideal (a) and real
(b) cases.
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The high values of characteristic impedance, the p.u.l. resistance and the pre-
sence of huge parasitic resistance due to imperfect metal-CNT contacts make
impossible the use of a single CNT as an interconnect. A more realistic condition
should consider bundles of CNTs and compare their performance with that of cop-
per, taking into account the increase of copper resistivity too at nanometric scale.
Case 7 will refer to a microstrip, where the signal trace is made by a bundle of
CNTs (Fig. 20), compared to a Cu conductor with the same cross-section tw. For
the dimensions and the values of the parameters, we refer to the indications pro-
posed by the ITRS for the 45 nm technology (year 2010) [44]. Let us consider a
200 (10 x 20) CNT bundle, assuming r, = 1.35 nm, d = 2r, (hence w = 27 nm,
t=2w), h =2t and Epoff = 2.2.

The propagation speed along CNTs is 3.2 x 107 m/s, whereas for the Cu inter-
connect it is 2 x 10% m/s. Note that at 30 GHz the wavelength is 1.6 mm for CNT
and 10 mm for Cu interconnects: therefore up to lengths of 100 um (local and
intermediate level) the interconnects are electrically short. The effects of propaga-
tion should be taken into account only for global level (order of mm).

50 T | 1 < Gt
-8~ CNT [100 um] 1 N —e— CNT [100 um]
-60 60
—— Cu [100 um] —— Cu [100 um]
70 -70 - ;
100 10! 10 103 100 10! 102 103
[GHz] [GHz]

Figure 19: Case 6, absolute value of S|, (a) and §|, (b).
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Figure 20: Case 7, the considered microstrip structure (a); realization of the signal
trace with a CNT bundle (b).
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Figure 22: Case 7, computed switching delays.

Let us refer to the simple signaling system depicted in Fig. 21, where Rp isa
generic parasitic resistance. As a consequence of the above considerations, the
interconnect delay in this system is strongly dominated by the resistance. Let us
compare the delay introduced by the CNT bundle to that produced by an equiv-
alent Cu line, with resistivity p = 4.08 u€/cm [44]. Figure 22 shows the results
obtained for an ideal case (ideal drivers and contacts, ideal load: C  , = 0) and
for a real case (ideal drivers, R, = 100 kQ and C, , = 0.01 pF). The perfor-
mances of the two interconnects are very close and an accurate control of the
parasitic contact resistance for CNT bundles would lead to CNT delays compa-
rable to the Cu ones. The result suggests considering CNT interconnects as
possible alternative to Cu ones at least for local and intermediate level, since
they provide similar delays but much better performances in terms of current
density allowed, heating dissipation and mechanical properties.
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6 Conclusions

In this chapter, the extension of the popular transmission line model to high-speed
interconnects and to CNT nano-interconnects is discussed. Starting from a full-wave
integral formulation, an ETL model is derived, able to describe interconnects with
transverse dimensions comparable to the characteristic wavelength of the propagat-
ing signals. The model allows us to describe, with a computational cost typical of a
transmission line model, the phenomena which are not included in the solution of the
classical transmission line model but could be only taken into account by a full-wave
solution. It is not only possible to obtain the correct behavior of high-speed inter-
connects in high-frequency ranges, but also to distinguish between the phenomena
affecting the solution at such frequencies: finite size, radiation, mode conversion, fre-
quency-dependent losses in conductors and dielectrics, excitation of parasitic modes.
Starting from a fluid model, a transmission line model is also derived to describe
the propagation along interconnects made by metallic CNTs. Although simple,
this model takes into account complex phenomena related to the quantistic behav-
ior of such nanostructures, with a suitable definition of the transmission line model
parameters. This tool is extremely useful to compare the performances of CNT
interconnects and conventional ones for future nanoelectronic applications.
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CHAPTER 7

The electromagnetic field coupling to buried
wires: frequency and time domain analysis
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Abstract

This chapter deals with the transient analysis of buried cables using the wire
antenna theory and applying both the frequency and the time domain approach.
On one hand, if the solution for a large number of incident waves arriving from
various directions is of interest then the frequency domain approach is appropriate.
On the other hand, for some electromagnetic compatibility applications in which
accurate frequency data are required, the frequency samples obtained by the use
of Fourier transform do not ensure accurate results and the time domain approach
would be a better choice. Particularly, the direct time domain approach is conve-
nient if the transient response is required only for the early time behavior, since
the frequency domain approach requires computing of the frequency response up
to the maximum effective frequency and the entire range of frequency spectrum
has to be transformed. The frequency domain model is based on the Pocklington
integral equation while the time domain formulation deals with the Hallen inte-
gral equation approach. Both the Pocklington and the Hallen equation are handled
via the appropriate Galerkin—Bubnov scheme of the indirect boundary element
method. The strengths and weaknesses of both approaches are discussed.

1 Introduction

The electromagnetic field coupling to lines buried in a lossy medium is of great
practical interest for many electromagnetic compatibility (EMC) applications
[1-4], such as transient analysis of power and communications cables. Basically,
the buried wire can represent a telephone cable, power cable, or a cylindrical antenna
operating at a very low frequency. Some important applications are also related
to submarine communication (long dipoles submerged in water), geophysical
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probing and electromagnetic stimulation of biological tissue. In the past, the tran-
sient excitation of buried wires, as one of the major causes of malfunction of tele-
communication and power lines, has been mostly related to the lightning discharge
problems [3].

Generally, the electromagnetic field coupling to underground wires configura-
tions [1, 2] has been investigated to a somewhat lesser extent than coupling to
above-ground lines [3—11].

The studies related to buried wires are usually based on an approximate trans-
mission line approach [3]. The transmission line approach can be considered as a
compromise between a quasi-static approximation and a full wave (wire antenna)
model, and it is mostly related to infinite or at least very long buried wires.

However, the effects at the line ends cannot be taken into account utilizing the
transmission line approach [12]. Also, the effect of the earth—air interface has usu-
ally been neglected featuring the assumption that the wire is buried at a very large
depth [1].

The transmission line approach, though sufficient approximation if long lines
with electrically small cross sections are considered, fails if one deals with the
lines of finite length and high-frequency excitations.

Namely, the transmission line model fails to predict resonances, fails to take
into account the presence of a lossy ground and the effects at the line ends [3-7].
Consequently, when the lines of the finite length are of interest the full wave model
based on the receiving antenna (scattering) theory has to be used.

Thus, the wave-like behavior of the induced responses at higher frequencies
requires a more general approach which is based on integral equations arising
from the wire antenna theory. On the other hand, the principal restriction of the
wire antenna model applied to overhead lines is often related to the long computa-
tional time required for the calculations pertaining to the long lines.

The transient analysis of buried cables using the wire antenna theory can be car-
ried out in either frequency or time domain. Essentially, there is no definitive
advantage that could be gained using the indirect frequency domain approach or
the direct time domain solution method.

Generally, if the solution for a large number of incident waves arriving from
various directions is of interest then the frequency domain approach is appro-
priate.

On the other hand, for some EMC applications in which accurate frequency data
are required, the frequency samples obtained by the use of Fourier transform do
not ensure accurate results. The time domain approach would be a better choice if
the transient response is required only for the early time behavior, since the fre-
quency domain approach requires computing of the frequency response up to the
maximum effective frequency and the entire range of frequency spectrum has to be
transformed.

This chapter deals with both approaches. The frequency domain model is based on
the Pocklington integral equation while the time domain formulation deals with the
Hallen integral equation approach. The strengths and weaknesses of both approaches
are discussed.
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2 The frequency domain approach

The frequency domain antenna theory approach provides one to take into account
the earth—air interface effects via rigorous Sommerfeld integral formulation.
However, the Sommerfeld integrals cannot be evaluated analytically, while the
corresponding numerical solution is rather demanding and very time consuming
[13—17]. Consequently, some authors prefer to use a simplified approach based on
the reflection coefficient approximation [1, 4].

The wire antenna approach to the analysis of the plane wave coupling to the
buried cable of finite length, with the effect of the half space included via the
reflection coefficient approximation, has been proposed in [18]. This approach has
been extended to the more complex case of a plane wave excitation with an arbi-
trary angle of incidence [19].

The frequency domain formulation presented in this chapter is based on the
Pocklington integro-differential equation. The reflection coefficient by which the
earth—air interface is taken into account is included in the integral equation kernel.

This integral equation is solved via the Galerkin—Bubnov scheme of the indirect
boundary element method (GB-IBEM) [20]. Furthermore, the transient response
of the wire is computed using the inverse Fourier transform [21].

2.1 Formulation in the frequency domain

The horizontal line of length L and radius a, buried in a lossy ground at depth d, is
shown in Fig. 1. The current distribution along the buried wire is governed by the
corresponding Pocklington integro-differential equation. This integro-differential
equation can be derived by enforcing the interface conditions for the tangential
electric field components.

Assuming the wire to be perfectly conducting, the total field along the wire
surface vanishes, i.e.:

¢ E"=0 )

where the total field £ is composed from the excitation £ and scattered field
E* field components, respectively:

Etot — Eexc +Esct (2)

where the excitation field component represents the sum of the incident field Ein
and field reflected from the lossy ground E"™f:

Eexc — Einc +Eref (3)
The scattered field component is given by:
E*' = —jwA-Vp (4)

where A is the magnetic vector potential and ¢ is the electric scalar potential.
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Figure 1: A straight wire of finite length buried in a dissipative medium.

According to the widely used thin wire approximation [3, 4] only the axial com-
ponent of the magnetic potential differs from zero and eqn (4) becomes:

ES = _jwa, -2 5)
ox

where the magnetic vector potential and electric scalar potential are, respectively,
defined as:

L
_ i ’ ’ ’
A = 4n£1(x )g(x, x")dx (6)
1 L
p(x) = —— [ g(x")g(x, x )dx’ )
4Te g 0

where ¢, is the complex permittivity of the lossy ground given by:
.g
Eeff = €0 —J ®)
w

while g(x) is the charge distribution along the line, /(x") denotes the induced cur-
rent along the line and g(x, x") stands for the Green’s function given by:

8(x,x") = gy (x,x") = Ry 8; (x,x7) )

and g (x, x") denotes the lossy medium Green function:

_jsz1

8o(x,x") = (10)

R,

while g(x, x") is, in accordance to the image theory, given by:

e_jszz
. _x,_x, =
g;(x,x") X, (11
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where k, is the propagation constant of the lower medium and R, and R, are dis-
tances from the source point in the ground and from the corresponding image in
the air to the observation point defined by:

R =(x=x)+a%, R,=+(x—x")> +4d> (12)

The influence of a nearby ground interface is taken into account by means of the
Fresnel plane wave reflection coefficient:

1 1 .
—cosf—,[——sin” 0 ,
E E |.x_x Seff

R\ = , O=arctg——, n=—" (13)
™= 1, 2d T T g
—cos@+ |——sin“ 6

n n

The linear charge density and the current distribution along the line are related
through the equation of continuity [7]:
1 dI

=— 14
q o d (14)

Substituting eqn (14) into eqn (7) yields:

L

1 Jal(x’)

x, x")dx’ 15
Jj4mwe ox’ §(xx) (15)

P (x)=-
eff

Combining eqns (5), (6) and (15) results in the following integral relationship for
the scattered field:

ESt = jwii I(x)g(x,x")dx" + 1 J Ta[(x,) g(x,x)dx”  (16)
x 4n ] ’ JATWEy dx 7y Ox '

Finally, eqns (3) and (16) result in the following integral equation for the unknown
current distribution induced along the line:

A TUED

jAmwe gy 0xy ox’

L
ES° = jwﬁj[(x')g(x,x')dx'— glx,x)dx”  (17)
0

Integral equation (17) is well-known in antenna theory and represents one of the
most commonly used variants of the Pocklington’s integro-differential equation.

The electric field transmitted into the lossy ground and illuminating the buried
line is given by:

E® = E" = Ey(T g sin¢ — Ty cos 0, cos e /™" (18)

where a is the angle between E-field vector while the plane of incidence and 6, is
defined by the Snell’s law [1]:

k, sin0 = k, sin 0, (19)
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Figure 2: Incident, reflected and transmitted wave from an air—earth interface.

where k, is the propagation constant in the free space.
Quantities I'p,,; and I'; denote the vertical and horizontal Fresnel transmission
coefficients, respectively, at the air—earth interface (Fig. 2) given by [1]:

r 2\ncost 20)
™ =
ncos®++/n—sin” 0
T, = 2cosl @1

cos¢9+\/g—sin2 0
and 7,7 is distance from the origin point to the observation point at the wire surface.
7,7 =—xsinf, cosd—ysin 0, sinp —zcos b, (22)

Solving the Pocklington integro-differential equation (17) the current distribu-
tion at the operating frequency is obtained.

2.2 Numerical solution of the integro-differential equation

The numerical solution of eqn (17) is obtained via GB-IBEM, which is outline
below. More detailed description of the method can be found in [13].
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An operator form of the Pocklington integro-differential equation (18) can be,
for convenience, symbolically written as:

KI=F (23)

where K is a linear operator and / is the unknown function to be found for a given
excitation E.

The unknown current is expanded into a finite sum of linearly independent basis
functions {f;} with unknown complex coefficients a.:

I=1,=Yaf (24
Substituting eqn (24) into eqn (23) yields:

KI=Kl, =Y qKf; =E, = F,(E) (25)
i=1

where P (E) is called a projection operator [13].
Now the residual R is formed as follows:

R =KI, —E=P/(E)-E (26)

According to the definition of the scalar product of functions in Hilbert function
space the error R is weighted to zero with respect to certain weighting functions
{Wj}, ie.:

<Rn,Wj>=O, =12 ...n 27)

where the expression in brackets stands for a scalar product of functions given
by:

<Rn,Wj> = [R,W; dQ (28)
Q
where Q denotes the actual calculation domain.
Since the operator K is linear, a system of linear equations is obtained by

choosing W, = fj, which implies the Galerkin—-Bubnov procedure. Thus, it can be
written as: =

ia[<Kfi,fj>=<E,fj>, j=12un (29)
i=1

Equation (29) is the strong Galerkin—Bubnov formulation of the Pocklington inte-
gral equation (18). Utilizing the integral equation kernel symmetry and taking into
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account the Dirichlet boundary conditions for the current at the wire ends of the
cylinder, after integration by parts eqn (29) becomes:

i Lof . (0)Lof (x
I | (Ui L R

a.
' jATwe g ox ox’

L L
g(x, x")dx" dx + kzzj‘fj (x)jfi (x")g(x,x")dx" dx
0 0 0 0

j=1

L
= [EXf(0dx, j=12,..n 30)
0

Equation (30) represents the weak Galerkin—-Bubnov formulation of the integral
equation (23).

The resulting system of algebraic equations arising from the boundary element
discretization of eqn (30) is given by:

M
DIz A, =vY, j=12..M (31
Jj=1 )

where [Z] . is the local matrix representing the interaction of the ith source bound-
ary element with the jth observation boundary element:

_ 1 t t T ’ ’ ZL f nT ’ ’
i Tem— {{D},{{D} g(x,x")dx dx+k2£{f}j£{f} g(x,x")dx’ dx

2],
(32)

The vector {/} contains the unknown coefficients of the solution, and it represents
the local voltage vector. Matrices {f} and {f'} contain the shape functions while
{D} and {D'} contain their derivatives, M is the total number of line segments, and
Al[., Alj are the widths of ith and jth segment.

Functions f,(z) are the Lagrange’s polynomials and {V}j is the local right-side
vector for the jth observation segment,

V)= [ B, dz 33)
Al

representing the local voltage vector.
Linear approximation over a boundary element is used as it has been shown that
this choice provides accurate and stable results [13].

2.3 The calculation of a transient response

Calculating the current distribution along a buried wire in a wide frequency spec-
trum one obtains the transfer function of the system, H(f) is obtained.
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To analyze the transient response of the buried wire, an incident field in a form
of a single exponentially decaying function is used:

e (1) = Epe™ (34)
which Fourier transform is given by:

EY(f)= Eo (35)

Ca+ j2nf
Now, the current distribution I(f), i.e. the frequency response of the wire to the
particular excitation (35) is obtained by multiplying the frequency spectrum of the
excitation function with the corresponding transfer function of the linear system

H(f):
I(f)=H(E (f) (36)

Applying the inverse Fourier transform is to be applied to the function I(f) yields
the transient current induced along the buried transmission line [21]:

i(t) = j 1(f)e”*™ da (37

—oco

As the system transfer function H(f) is represented by the discrete set of values,
and the actual frequency response I(f) is also represented by a discrete set of val-
ues, the integral equation (37) thus cannot be solved analytically and one has to
deal with the Discrete Fourier transform (or in this case Fast Fourier Transform),
ie.

i(t) =IFFTU(f)) (38)

Thus, the discrete set of the time domain current values is defined by [21]:
N-1 ‘
i(nAf) = F Y I(k Af)e/ ¥4 (39)
k=0

where F is the highest frequency taken into account, N is the total number of fre-
quency samples, Af is sampling interval and At is the time step.

2.4 Numerical results

For the comparison purposes, first the current distribution induced along a wire
conducting cylinder, immersed in sea water, is computed assuming a unit incident
field. The water parameters are ¢, = 80 and g = 4 S/m, and the operating frequency
is f=1 MHz. The cylinder length is L = 120 and 160 m, respectively, with a radius
of a = 0.6 and 0.8 m, respectively, while in Fig. 3 the calculated current distri-
butions are compared to the analytical results available from [22]. Agreement is
found to be satisfactory.
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Figure 3: Comparison of numerical results obtained with different solution methods.
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Figure 4: Transient response for different wire lengths.

Further numerical examples are related to the transmission lines buried in a lossy
ground with permittivity ¢, = 10 and conductivity ¢ = 0.001 S/m. Conductor radius is
a =1 cm wire length L and burial depth d are varied. The wire is excited by the trans-
mitted plane wave with a single exponential decaying form eqn (35). The parameters
of the exponential function are, as follows: E,=1V/m, a = (7.854 x 108 s) .

The transient response, i.e. the current induced at the center of the wires having
various lengths for the normal incidence is shown in Fig. 4. The burial depth is
d =1 m. The current wave reflections from the wire ends are clearly visible, par-
ticularly for the shorter wires. Figure 5 shows the influence of the burial depth on
the induced current at the center of the 200 m long wire.

The both time shift and the attenuation of the signal seems to be increased with the
depth. The only exception occurs for d = 0.1 m, where the induced current is lower
then for d = 1 m. This happens due to the vicinity of the nearby ground-air interface.
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Figure 5: Transient response for different burial depths.
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Figure 6: Transient response for different angles of incidence.

The transient response of the wire of the transmission line of length L = 30 m buried at
depth d = 1 m for various angles of incidence 6 = 0°, 60° and 80° is shown in
Fig. 6.

The transient response of the wire of the transmission line of length L = 30 m
buried at depth d = 1 m for various angles of incidence 8 = 0°, 60° and 80° is
shown in Fig. 6. For the higher angle #, amplitude of the induced current at the
wire center is smaller, since the tangential component of the transmitted electric
field is also decreased.

3 Time domain approach

This section deals with a time domain study of a single straight wire embedded
in a dielectric half-space and illuminated by a non-uniform transient electric field.
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This topic is very important as a starting point in the transient analysis of wires
buried in a lossy medium which is of great practical interest for many EMC appli-
cations [1-4].

The analysis presented in this section is based on the wire antenna theory and is
carried out directly in the time domain. Dealing with a rather simple geometry of
a single wire embedded in a dielectric half-space this section aims to introduce
some basic ideas on the subject. The method can be also applied to a case of arbi-
trary wire configurations, which is of much more practical importance in EMC
applications.

The time domain formulation presented in this section is based on the space—
time Hallen integral equation for half-space problems [23]. The effects of the
two-media configuration are taken into account via the corresponding reflec-
tion coefficient and the transmission coefficient. The transient current along
the straight wire embedded in a dielectric half-space is obtained by solving the
corresponding Hallen integral equation via the time domain variant of the GB-
IBEM [13].

Once calculating the space—time current distribution along the wire, to further
evaluate the obtained transient response, the time domain energy measures can be
computed by spatially integrating the squared current and charge along the wire
[24-27].

Furthermore, a simplified version of space—time reflection/transmission coeffi-
cient has been promoted in [28], while an alternative formulation for a finite length
wire placed within the dielectric half-space featuring the simplified form of the
reflection/transmission coefficient, instead of use of Fresnel coefficients has been
proposed in [29].

This alternative approach to the time domain analysis of buried wires is pre-
sented in this section, as well.

3.1 Formulation in the time domain
A perfectly conducting straight thin wire of length L and radius a, immersed in

a dielectric medium at depth d is considered, as shown in Fig. 7. The wire is
illuminated by a horizontally polarized transient electric field tangential along its

Iy inc

H -
%—> . i_é air
g €0, Mo
—
d a ng_' E" earth
[ 1 &u

x=0 x=L
\ &

Figure 7: A straight wire embedded in a dielectric half-space.
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surface, i.e. the case of normal incidence is considered only.

The mathematical framework of the problem is based on the wire antenna the-
ory and thin wire approximation [3, 4].

The transient induced current flowing along the straight wire embedded in a
dielectric half-space is governed by the corresponding space—time integral equa-
tion. The time domain formulation for the single wire problem in terms of the
Pocklington or the Hallen integral equation type can be readily obtained as an
extension of the wire in homogeneous dielectric medium.

The time domain Pocklington type integral equations often suffer from numeri-
cal instabilities, i.e. from the non-physical, rapidly growing oscillations at later
instants of time [30].

On the other hand, the time domain Hallen integral equation does not contain
either space or time derivatives within its kernel, which are found to be the origin
of numerical instabilities. Consequently, the Hallen equation has been proven to
be attractive from the computational point of view [4, 30-32].

The Hallen integral equation approach, also used for the transient analysis
of straight wire configuration above-ground [8—11], is applied to the problem
of wires embedded in a dielectric half-space in this section. The Hallen inte-
gral equation for the straight wire in unbounded lossless medium can be read-
ily derived from the corresponding Pocklington integro-differential equation
type.

Since the wire is perfectly conducting the tangential component of the total field
vanishes on the antenna surface, i.e.:

EY+EY=0 (40)

where Ei_“c is the incident and E;C‘ scattered field on the metallic wire surface. From
the first Maxwell equation:

VxE:—%? (41)
and using the vector magnetic potential A:
B=VxA (42)
it follows:
E™. = (%—f+ Vco)l (43)

tan

where A and ¢ are space—time-dependent magnetic vector and electric scalar
potential, respectively. These two potentials are to satisfy the Lorentz gauge:

dp 1 _-
—+—VA=0
ot " U “44)
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Differentiating eqn (43) and taking into account the Lorentz gauge equation (44)
yields in the wave equation for magnetic vector potential A:

24 —inc
(#—iwvﬁ)) _ 3 (45)
ot ue s ot

lan

In accordance to the thin wire approximation, only the axial component of the vec-
tor potential exists, so it can be written:
- =— (46)
ox> v or ot

where v is the velocity of wave propagation in a homogeneous dielectric medium,
defined as follows:

podl (47)

N HErg€0

where Erg is the lower medium relative permittivity where ¢ denotes the velocity
of light.

Equation (46) is valid on the surface of the perfect conductor and the solution
can be represented by a sum of the homogeneous equation solution and particular
solution of the inhomogeneous equation:

Ax(x,0) = AR 0 + AN 1) (48)

In addition, the solution of the homogeneous wave equation is given as a superpo-
sition of incident and reflected wave [13]:

A?(x,t)=F1(t—%)+F2(t+f) (49)

v

The particular solution is given by the integral [13]:

t-(x—x") (x—x")

_ 1+
X C 1 X C H
8‘} aElnc(x,7 t,) ’ ’ 8‘} aE ‘nc('x,’ t,) ’ 4
P(x,1) == R g i + SRl 4r dx
AXCen =5 7-[0 7-[0 ot 2 7{0 L ot

(50)

Since the differential equation is related to the wire antenna surface eqn (50) sim-
plifies into:

L
1 - -x’
Ag(x,l)=—jE;nc X’,t—|x X | dx’ (51)
2Z, 0 v
where Zg is the corresponding impedance of a dielectric medium given by:

Z.= | -E (52)
€480
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On the other hand, the magnetic vector potential on the metallic wire surface
on the left-hand side of eqn (48) may be also obtained as a solution of the wave
equation:
2z
- A -
VZA—;waa—2= —uJ(r,1) (53)
t

where J (r,1) denotes the surface current density.
The solution of differential equation (53) is usually obtained via the Green func-
tion theory by introducing the auxiliary equation:

2
V- ,uSng= SF —F.1—1) (54)

The solution is given in the form of retarded Dirac impulse:

_O(t—t'=(R/v))
- 4R

gF—71=1") (55)
where R is a distance from the source to the observation point.

Then the solution of eqn (53) using the Green function approach may be written
in the form:

J (7,1

N

Mds'dt' (56)

A(r,t) . j.

Performing the time domain integration one obtains:

- J.(r',t=RW) __,
Alr,t) = %Lj%ds (57)

According to the thin wire approximation, the equivalent current along the wire
is assumed to flow in the axis, while the observation points are located on the
antenna surface, i.e. it follows:

I(x,t)=2maj (x1t) (58)
and the axial component of the magnetic vector potential is given by:

t—R/
M 4

p I,
A= { - (59)

Combining the relations (46) and (59) yields the Pocklington integro-differential

equation:
¢ 19
ox* v or?

LI(X',t=R/v) ,, OE™
e (60)

0 4nR ot
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while relations (48), (49), (51) and (59) leads to the space—time Hallen integral
equation:

L L

‘- L- 15 -x
IICKJ1Qh0dx’=Fb(r—£)+PL(t————£)+———jE§°(xﬁt—Lz—fl)dV
0 4nR v v 2Z, 3 v

(61)

Equations (60) and (61) are both related to the straight, finite length wire in an
unbounded dielectric medium, where the distance from the observation point is

given by:
R=+(x—x") +d* (62)

The multiple reflections of the current at the free ends of the wire are taken into
account by the unknown functions F(f) and F(?).

The Hallen integral equation for a homogeneous lossless medium can be also
derived directly from the Pocklington equation by performing the straight-forward
convolution [10].

The corresponding Hallen integral equation for the wire embedded in a dielec-
tric half-space can be derived gradually.

As a first step, the Hallen integral equation for an unbounded medium equation
(61) is transferred into the frequency domain:

L L
I(x',5)e R ‘ ‘ Lk ,

J‘ (x’,8)e dx'=Fy(s)e™ X" + F, (s)e "0/ J‘chnc(x’,s)e‘sdx‘x ) 4y’

0 4mR 2 -~

(63)

where s = jo denotes the Laplace variable.

The frequency domain Hallen integral equation for a straight wire in a dielectric
half-space is obtained by extending the integral equation (63) with an additional
term due to an image wire in the air located at height d above interface. This term
contains the reflection coefficient I ; for the transverse magnetic (TM) polariza-
tion multiplied by the Green function of the image wire in the air. In addition, the
incident field Ei"c appearing in the last term in eqn (61) has to be replaced by the
corresponding transmitted field EY.

Thus, the resulting space frequency Hallen integral equation for the straight
wire embedded in a dielectric medium becomes:

SR sR*

L = L ik
I(x',s)e v ,, Ix',8)e™ .,
ji( 4)R dx —jrref(e)—( ; )e* dx
0 I 0 TR
_sx ok -]
=FRe v +F e +— BN, e, dv (64)

2Z45
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where R" is the distance from the source point located at the image wire in the air
to the observation point located at the wire immersed in a dielectric medium:

R* = +J(x—x")* +4d? (65)

The space dependent reflection coefficient, by which the ground-air interface
effects are taken into account, is defined by the relation [1]:

LcosH— L—sin20
& 3 x—x'
I (0= lrg lrg , O=arctg | | (66)
— cosO+ |——sin’0
Erg Erg

Finally, the electric field transmitted into the dielectric medium E is given as
follows:

ET=T,(0,)E™ (67)

where Ei“c is the incident field in the air and I, (6, ) is the corresponding transmis-
sion coefficient by which the air—ground interface effects are taken into account.

The space dependent transmission coefficient, for the case of normal incidence
considered in this work, is given by [23]:

2./ere COSO |
Flr(atr)= - d

S 68
1[8rg+1 ( )
0,=0

.2
grgCOSG‘tr+\/3rg—51n 0“

where 0, is the angle of transmission.

The time domain Hallen equation for a straight thin wire in a dielectric half-
space now can be obtained applying the inverse Laplace transform and the convo-
lution theorem to the integral equation (64).

Therefore, it follows:

L t L

I(x",t—=R/v) ,, I(x',t—R*/v-1) |,
Jgdx - [[r@.0 ( V=0 Gy
o 4nR 20 4R

x L—x 15 | x—x"|
=F)|t-=|+F, |- +—[E [ -2 awy (69)
v % ZZgO v

where the time domain counterpart of the Fresnel reflection coefficient I 0, 1) 1is:

T, (0,1) =T (0)5(t) (70)

dr

and J(¢) stands for the Dirac impulse.
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The transmitted electric field in the dielectric medium E' represents a time domain
counterpart of the relation (67) and can be obtained from the convolution integral:

t
E(r.0)= [ ES(x -0 (0, 1)dr (71)

where T' (0, 1) is the time domain transmission coefficient counterpart of the

expression (68):
r,@0.1)=T,(0)() (72)

Substituting the relations (72) and (68) into eqn (71), for the case of normal inci-
dence (0, = 0), it follows:

2 .
Ei= E3*(t=19) (73)
Erg +1

where t, = d/v denotes the time delay.

It should be stated that a field reference point (x = 0, z = 0) has been used
throughout this analysis.

Finally, combining the relations (66)—(73) the resulting integral equation for the
wire immersed in a dielectric medium becomes:

1 1

3 , —cosf— |——sin*0 y
I(x".t—R & e I(x’,t— R’
J (x,i ! /v)dx’—:[ g g (x — Y) 4y
o i

0 0 —cosO+ |——gin20

grg ((:rg

L
L—- 1 2 ; -x’
:Fo(t—£ +F, === +—J—E;“° x’,t—to—lx Y] dx’
% v 22y o e t1 v

(74)

The problem of a straight wire embedded in a dielectric medium governed by the
space—time Hallen integral equation (74) can be solved by prescribing, without any
loss of generality, the zero edge (0, 1) = I(L, ) = 0 and initial conditions /(x, 0) = 0.

The use of a convolution approach through eqns (69)—(72) to handle the reflec-
tion and transmission coefficients is not necessary for the case of dielectric half-
space as they are only functions of angle. This integral equation formulation is
used as it can serve as a starting point in deriving the model for the wire buried in
a medium with finite conductivity.

3.2 Time domain energy measures
The transient response of a straight thin wire embedded in a dielectric half-space

can be postprocessed by the time domain energy measures based on spatial inte-
grals of the squared current and charge induced along the wire.
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The time domain energy measures represented by the current and charge induced
on an object yield insight into where and how much the object radiates as a func-
tion of time. These measures were originally proposed in [24], for wires in free
space, and re-examined in [10, 25] and recently in [26]. The concept of the time
domain energy measures is extended to the case of buried wires in [27].

Upon solving the set of Hallen integral equations (74) for the transient current
along the wire located in a dielectric medium, the charge distribution along the
wire can be determined from the continuity equation [10]:

_ J‘al(x t) (75)

where ¢ is the linear charge distribution along the embedded wire in a dielectric
half-space.

Having found the current and charge, measures of the H-field (kinetic) and the
E-field (static) energy densities are expressed as proposed in [27].

The H-field energy is represented by the relation:

L
iu(] 2,7 ’
W, =—|I"(x",t)dx 76
=P (76)

while the E-field energy is measured by the following integral:

W, =

=T jq (', dv’ (77)

rO()

The total energy stored in the near field is proportional to the sum of W, and Wq [27].
Numerical procedures for the calculation of the current, charge and time domain
energy are outlined in Section 2.3.

3.3 Time domain numerical solution procedures

Time domain modeling is a more demanding task than is the frequency domain
approach however the former provides not only a better insight into the physical
transient phenomena, but also some computational advantages [4, 10, 14]. The
time domain version of the GB-IBEM applied to the solution of various Hallen
integral equation types provides the stable numerical results [8—11] and it is used
for numerical handling of the straight thin wire in a dielectric half-space in [23].

As the time domain solution procedure for the Hallen integral equation is stable
for an arbitrary time interval, it does not require any smoothing procedure, con-
trary to the most of the known techniques [30]. The space—time discretization is
performed carefully, so that within one time increment the propagation on at least
one space segment is considered, thus satisfying the inequality:

Az

At < ~ (78)



240 ELECTROMAGNETIC FIELD INTERACTION WITH TRANSMISSION LINES

Through the marching-on-in-time procedure it is possible to obtain the solution
for the current at a present time for each space node as a function of currents
at previous instants, without requiring matrix inversion. It is also necessary to
prescribe the initial values of current at the wire ends to start the stepping pro-
cedure.

According to the usual space—time discretization procedure, the local approxi-
mation for unknown current can be expressed in the form:

HCAOEIVAR (79)
where {f} is a vector containing shape functions, and {/} is the time-dependent
solution vector. In addition, applying the weighted residual approach, the space

boundary discretization of integral equation (74) leads to the local equation system
for ith source and jth observation boundary element:

T 1o,
[ [l dedntnl g

Al; Al v
icost9— L—sin20
€ e 1,
- [t = = e LU IS
AL AL — cosO+ |——sin20 " v
£ &g

=] Fo(r—f){f},dw 7 (t—L_x){f},-dx
4 AL 4

Al
Bl

){f} dx”dx (80)

Z e x-t-

Expression (80) can be written in the matrix form given by:
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where {E} vector denotes the excitation function and the space—time dependent

matrices are given, as follows:

]-H—{f} (f)] dx’ dx

Al AL
LCOSH— i—sinZH
¢ 1
[A1= | j = R L A de
AL} A cosH + |——sin%0
&g Erg

=5 L[ [, inTar ae

0 a1 AL

[C]= H4R{f}{f}dxdx
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* erg Erg 1 [ T ,
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Having completed the space discretization procedure, the weighted residual
approach is used for the time discretization procedure, as well.
Assuming that solution in time on the ith space segment can be expressed as:

NI
L)=Y 1T () (89)

k=1

where Il." are the unknown coefficients and T* are the time domain shape functions,
and choosing the Dirac impulses as test functions, the recurrence formula for the
space—time varying current can be written as:

— k
Z ]ll ® Iz & +g Ji all retarded times

t—
E

(90)

. =
N A

Ji
where N, denotes the total number of global nodes A, are the global matrix terms,
gﬂ* is the whole right ride of the expression (81) containing the excitation and
the currents at previous instants, while the overbar denotes that the self term is
omitted.
Once the current distribution is obtained by solving the integral equation (74)
via the GB-IBEM, the energy-measure integrals (76) and (77) can be evaluated.
First, the charge distribution is determined by solving the integral:

_ii .[ aa

i=1 k=1 A

€2y

where M denotes the total number of segments, while N, stands for the total num-
ber of time steps.

The solution of integral in eqn (91) is carried out analytically, and given in the
form:

P 1 1
=—522(1ﬂ1+lﬂf R (92)
1 m=1

i=

The H-field energy measure is obtained by evaluating the integral:

= 2 [t ©3)

llAt

The solution is available in the closed form and is given by:

M
SN [ab il +al ] k=120N, 94)
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The E-field energy is obtained from the integral:

W‘]

7
for which the solution is then:

1
7 dnee, 3

2[(% Y +4iql, + (g5’ ] k=12, N, (96)
and the total energy measure is given by sum of W, and Wq.

3.4 Alternative time domain formulation via a simplified
reflection/transmission coefficient

A transient analysis of a finite length wire embedded in a dielectric half-space and
illuminated by the electromagnetic pulse (EMP) using a simplified reflection coef-
ficient approach. A direct time domain formulation is based on the wire antenna
theory and on the corresponding Hallen integral equations for half-space prob-
lems. The presence of a dielectric half-space is taken into account via the simpli-
fied reflection/transmission coefficient arising from the modified image theory. The
Hallen equation is solved via the time-domain GB-IBEM and some illustrative
numerical results are presented in this section.

The transient response obtained using the simplified reflection/transmission
coefficient approach is compared to the results obtained via the Fresnel coeffi-
cients approach.

A simplified form of the earth—air reflection coefficient, based on the modified
image theory, and proposed in [28] is given by:

T (1) = TR 10(1) 7)

where Fﬁ\eAfOT depends on the permittivity of the dielectric medium, only:

l1-¢
o =7 (98)
+é,

A simplified form of the transmission coefficient, based on the modified image
theory, proposed in [28] can be written, as follows:

Thior (1) = Tyiord () 99)
where '), ;. dependent only on the permittivity of the dielectric medium, is
given by:

2¢,,
Mor =—— (100)

l+e,
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Substituting the relations (99) and (100) into eqn (71), for the case of normal inci-
dence, it follows:

EN(t)=—2-EM(t-1,) (101)
4 ep

where #, = d/v denotes the time delay.
Also, substituting eqns (97) and (98) into eqn (69), the resulting integral equa-
tions for the straight wire immersed in a dielectric medium becomes:

Jl(x t—R/v) J' &g 1(x',t=R*/v) A’

o 1+8 4R *

L- 172 —x
=F0(t—x)+F (t— x)+— —&E;“C( X, t—t, —M—x)dx’
v v ZZg01+8 v

(102)

The numerical solution of the space—time Hallen integral equation is obtained
using the procedure presented in Section 2.3.

3.5 Computational examples

The first example is related to the straight wire of length L = 5 m and radius
a =1 cm embedded in the dielectric half-space with ¢, = 10 at the depth d = 1 m.
The wire is illuminated by the transmitted part of the EMP incident waveform:

E™(t)=Eoe™—e™) (103)

where the EMP parameters are: E; = 52.5 kV/m, a =4 x 10°s™" and b = 4.78 x
108 571,

The transient current induced at the wire center is shown in Fig. 8

The transient response obtained using the direct time domain approach seems to
be in a satisfactory agreement with the results computed via the indirect frequency
domain approach. The multiple reflections of the transient current from the wire
ends are due to the reflected waves. This effect can be also observed in Figs 9-11.

Figure 9 shows the transient response of the same wire buried at various
depths.

The curves shown in Fig. 9 for the transient current induced at the center of the
wire embedded in the dielectric half-space at depth d = 1, 10 and 20 m represent
time delayed waveforms due to the propagation delay necessary for the incident
electric field to reach the wire. A slight amplitude and waveform variation as a
function of depth indicate the minimal interface effect.

A slight proximity effect of the ground—air interface is visible for the case of the
transient current induced along the wire placed at depth d = 1 m below ground,
while only the time delay is noticeable for the curves related to the wires located
at depth d = 10 and 20 m, respectively.
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The initial delay of the first peak is caused by the arrival time of the incident
field and strongly depends on the depth d. After that time the transient behavior of
the incident current is the same.

Furthermore, Fig. 10 shows the transient current induced of the center of L=5m
long wire buried at d = 1 m below the interface for the various values of permittivity.
Thus, three typical values of relative dielectric constant are chosen; g = 10
(ground), &= 55 (brain permittivity at GSM (Global System for Mobile Commu-
nications) frequencies), ¢, = 80 (sea water). It can be observed from Fig. 10 that
permittivity of the medium strongly affects the transient response of the wire
embedded in the dielectric medium.

600 1
500+ FD D
400 -
300 1
200 -
100

0
-100 1
-200
-300 1
-400 1

-500 T T T T ]
0.E+00 1.E-07 2.E-07 3.E-07 4.E-07 5.E-07

time (sec)
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Figure 8: Transient current induced at the center of the straight wire (L = 5 m,
a=1lcm,¢ =10,d=1m).
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Figure 9: Transient current induced at the center of the straight wire (L = 5 m,
a=1cm,¢e =10) for various depths.
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As shown in Fig. 10 the initial delay of the transient waveform first peak is sig-
nificantly influenced by the relative permittivity of a dielectric semi-infinite
medium ¢_,. Also, time delay of the reflections from the wire free ends is influ-
enced by the velocity of the propagation in the dielectric medium. Smaller the
value of ¢_, the greater is the velocity v while the oscillation period is decreased.

Figure 11 shows the transient response of the straight thin wire of length L =50 m
and radius a = 1 cm embedded in the dielectric half-space with ¢ = 10 at the depth
d = 1 m. The wire is illuminated by the EMP waveform (97). This transient
response has been computed by means of the direct time domain and the indirect

epsr=80
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200

0 -

1 (A)
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0.0E+00 1.0E-07 2.0E-07 3.0E-07 4.0E-07 5.0E-07

time (sec)

Figure 10: Transient response of the straight wires (L =5 m, a = 1 cm) for various
permittivity values.
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Figure 11: Transient current induced at the center of the straight buried wire
(L=50m,a=1cm, e =10,d=1m).
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frequency domain method, respectively. The numerical results obtained by the dif-
ferent approaches agree favorably again.

Comparison of the transient current from Fig. 11 with the current waveform from
Fig. 8 clearly shows the influence of the wire length on the transient behavior.

It is also evident from Fig. 5 that the dominant effect to the transient behavior of
the induced current along the line is due to the multiple reflections of the current
wave from the line open ends.

There is a slight frequency shift in Figs 8 and 11 between the time domain and
the frequency domain results, particularly for later time instants. Consequently,
there are some points regarding the frequency domain modeling to be clarified.

The transients of highly resonant structures have very long duration while their
related frequency spectra contain sharp peaks. Coarse frequency resolution cannot
resolve the resonant points accurately thus resulting in errors in transient wave-
forms.

The problem of analyzing transients of highly resonant structures in the fre-
quency domain is the inability to know beforehand the frequency resolution
required for sampling the spectrum. Dynamic adaptive sampling can be used to
overcome this problem and more details can be found in [4, 33]. An equivalent
problem in analyzing transients in time domain is the inability to know the time
duration of the waveform.

The related frequency spectrum of the impulse and the transient response of a
50 m long line immersed in a dielectric medium, with ¢, = 10 at depth d = 1 m is
shown in Figs 12 and 13, respectively.

As it is visible from Figs 12 and 13, the frequency response spectra contain a
number of peaks decreasing with frequency. Although the frequency range of these
spectra is infinite, signal amplitudes for the frequencies higher than 50 MHz are
low enough to be neglected. On the other hand, the location and the amplitude
values of the first two peaks strongly affect the obtained transient waveform.

Therefore, it is very important for frequency samples to contain exact frequen-
cies of the first two peaks. This could be achieved using the sufficiently fine
frequency step (resulting in large number of samples) or by means of the dynamic
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Figure 12: Frequency spectrum of the impulse response at the center of the straight
wire (L=50m,a=1cm, ¢ =10,d=1m).
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Figure 13: Frequency spectrum of the transient response at the center of the straight
wire (L=50m,a=1cm, ¢ =10,d=1m).

adaptive sampling technique presented in [31]. In this section a number of N = 213
samples over the frequency range of 50 MHz have been used in order to obtain a
satisfactory convergence rate.

Since the current distribution evaluation for a single frequency takes around 30
s (depending on the computer speed), the calculation of current amplitude for each
sample is obviously impossible. Thus, about 150 samples over the 50 MHz fre-
quency range have been evaluated, while the rest of the samples have been inter-
polated using cubic splines.

The effect of the interface and the validity of the Fresnel reflection coefficient
approximation in modeling the interface should be discussed, as well.

A relatively short wire (L = 0.5 m) is chosen to describe the earth—air interface
effect. Figure 14 shows the transient current induced at the center of 0.5 m long
wire for various depths. As is obvious from Fig. 14, there is a slight variation in
amplitude and waveform and time shift for depths d = 0.25, 1 and 2 m. Only the
curve for d = 0.1 m clearly demonstrates the influence of the earth—air interface in
both the amplitude and waveform of the actual transient response.

Figure 15 shows the behavior of the energy stored in the near field of the wire,
i.e. it represents the decrease of the wire total energy with time, once the exciting
pulse vanishes.

Figure 15 also demonstrates the absorbing effect of the dielectric half-space
when the wire is brought closer to the interface.

The evaluation of the validity of the proposed model is not an easy task, even in
the frequency domain, and even for the simplified case of a dielectric half-space.
Generally, the validity of various approximations depends on the relationship
between; the spectral content and the direction of the incident field, the electrical
properties of the earth, and to a lesser extent the burial depth of the line. The com-
putational aspects in the frequency domain modeling of thin wire antennas in the
presence of a lossy half-space have been reported in a number of papers and among
the most cited ones are references [15, 16].
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Figure 14: Transient current induced at the center of the straight wire (L = 0.5 m,
a=1cm, ¢ = 10) for various depths.
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Figure 15: The measure of total energy (W, ) as a function of time for various
depths.

The frequency domain analysis of the buried wire scatterer has been carried out
via the rigorous Sommerfeld integral [17], and via the approximate reflection coef-
ficient approach [18], respectively, to account for the influence of the earth—air
interface reflected field upon the straight wire scatterer current distribution.
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The Sommerfeld integral approach has been found to be numerically stable and
reliable for straight horizontal line brought to within 10~ wavelengths of the inter-
face [16, 17]. The rigorous and approximate results are in a very good agreement
for depths greater or at least equal to [23]:

4,/e, f

(104)

As arough guideline, the Fresnel reflection coefficient approach to account for the
reflection from the earth—air interface has been found to produce results generally
within 10% of those obtained using rigorous, but computationally very expensive,
Sommerfeld integral approach.

Furthermore, for wire depths:

d< (105)

o
10y/e,
the qualitative dependence of the input admittance (obtained by using the reflec-
tion coefficient approach) upon depth is found to be generally correct, but these
results primarily differ from the rigorous results due to a slight shift in the maxima
with respect to depth.

Essentially, from the time domain point of view this condition should be satis-
fied for each component of the considered frequency spectrum.

It is also necessary to make at least a general trade-off between a dielectric half-
space and an imperfectly conducting half-space. The absence of the ground con-
ductivity (or at least low values of ground conductivity) causes strong resonance
effect, which is particularly noticeable in Figs 11-13.

From the findings in the frequency domain the increasing ground conduc-
tivity is expected to decrease the response rapidly. In the realistic problems
such as wire immersed inside sea water, ground probing or ground penetrating
radar conductivity should not be neglected. The influence of the finite conduc-
tivity reduces the external electric field and influences the behavior of the
induced current. The finite conductivity can also delay the initial field. How-
ever, the corresponding Green’s function, which is responsible for the second
effect, is much more complicated and has to be calculated via the Sommerfeld
integral approach. In that case, one would need to perform additional integra-
tion in the Hallen equation and the problem would become tremendously time
consuming.

To roughly estimate whether a dielectric half-space approximation of a dissipa-
tive half space can be used the absolute value of the refractive index of the earth
should be examined.

This equation is given by

(106)
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Conductivity ¢ should be at least an order of magnitude less than we, to be
neglected.

For example, a reasonably dry earth, by = = 10, in the frequency band from around
1 kHz to 1 MHz requires the conduct1v1ty o to vary from 107 to 10 S/m.

To sum up, the numerical results obtained via the different approaches agree
satisfactorily, i.e. the maximum deviation between the results is around 6%.

The transient response of the single straight wire immersed in a dielectric half-
space has been found to be influenced to a greater extent by the line length and the
permittivity of a dielectric medium, and to a lesser extent by the burial depth.

The last set of numerical results deals with the transient analysis of a finite
length wire immersed in a dielectric half-space using a simplified reflection/coef-
ficient approach [29].

The computational example is related to the straight thin wire of length L = 10 m
and radius a = 6.74 cm embedded in the dielectric half-space (¢, = 9) at a certain
burial depth d. The wire is illuminated by the transmitted part of the EMP incident
waveform (103) where the EMP parameters are: £, = 1.05 kV/m, a =4 x 106 5!
and b=4.78 x 108 s71.

The transient current induced at the wire center, for various depths, computed
via both the Fresnel and the simplified reflection/transmission coefficient is shown
in Figs 16 and 17.

As in the case of the Fresnel coefficients approach, the evaluation of the validity
of the proposed reflection/coefficient approximation is not an easy task, even for
the case of a lossless dielectric half-space.
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Figure 16: Transient current induced at the center of the straight wire (L = 10 m,
a=6.74 cm, ¢, = 9) at burial depth d = 2.5 m.
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Figure 17: Transient current induced at the center of the straight wire (L = 10 m,

a=6.74cm, g = 9) at burial depth d =5 m.

It is obvious from Figs 16 and 17 that the obtained numerical results via simpli-
fied reflection/coefficient approach agree satisfactorily with the results calculated
via the Fresnel coefficients approach for earlier time instants and for increasing
values of burial depth d.
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